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Abstract P # NP (i.e., those in which a specific diagonal function in
NP — P is exhibited).”

We define and study strong diagonalization and compare  One difficulty with this interpretation is that there is no
it to weak diagonalization, implicit in [7]. Kozen’s result generally-accepted definition of “separation by diagonaliza-
in [7] shows that virtually every separation can be recast tion.” Regarding Kozen'’s result, Fortnow has written [6] “I
as weak diagonalization. We show that there are classesbelieve this result says more about the difficulty of exactly
of languages which can not be separated by strong diago-formalizing the notion of a ‘diagonalization proof’ than of
nalization and provide evidence that strong diagonalization actually arguing the diagonalization technique is the only
does not relativize. We also define two kinds of indirect di- technique we have for class separation.”
agonalization and study their power. Some obvious questions are:

Since we define strong diagonalization in terms of uni-
versal languages, we study their complexity. We distinguish 1. What is “separation by diagonalization™?
and compare weak and strict universal languages. Finally
we analyze some apparently weaker variants of universal
languages, which we call pseudouniversal languages, and
show that under weak closure conditions they easily yield

universal languages. 4. Can it proveP # NP?

2. Are there separations that it can’t do?

3. Does it always relativize?

In this paper we first highlight the difference between
1. Introduction “s.,eparati.on .by diagonalizat.ion” and “rlwonmembership. by
diagonalization” and formalize two notions of “separation
by direct diagonalization”: weak and strong. In [7], Kozen
Baker, Gill, and Solovay [1] showed that there are ora- showed that separation by weak diagonalization is essen-
clesA, B so thatP# # NP# andP? = NP”. Wh7ile this  tially equivalent to constructive separation (he didn't give a
shows thatrelativizing techniquesvon't settleP = NP, definition of “separation by diagonalization”). Therefore, if
some have interpreted this result to show tiagonaliza- P can be separated from NP constructively, then it can be

tionwon't settleP = NP. Indeed, the diagonalization tech- Separated by weak diagonalization.

niques that we are familiar with seem to relativize. Per- We define “separation by strong diagonalization”
haps as a reaction to such overly broad interpretation of theroughly as follows: a proof of separation by strong diag-
results in [1], Kozen proved a result (theorem 6.2 in [7], Onalization of B # A is one that shows that has a weak
adapted below as theorem 7) which he interpreted as fol-universal language foB (we define “universal language”
lows: “if P # NP is provable at all, then it is provable by and “weak universal language” in the next section). Ob-
diagonalization” and “there is an effective method for go- Vious examples of separation by strong diagonalization are

ing from proofs ofP # NP to diagonalization proofs of  the time and space hierarchy theorems. We show that there
are pairs of classes of languages that can not be separated by
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P. Thus, even iP # NP, it is possible that P can’t be sepa- our definitions of separation by strong and weak diagonal-
rated from NP by strong diagonalization. Since we will see ization, show how the space and time hierarchy theorems fit
that P and EXP can be separated by strong diagonalizationthe definition of separation by strong diagonalization, com-
providing a definitive answer to whether P and NP can be pare the two definitions (showing they are not equal), and
separated by strong diagonalization is hard: a positive an-discuss their consequences, referring to structural results
swer would giveP # NP and a negative answer would give from the next section. In section 4, we present our main
NP # EXP. We show that there are oracldsand B such results: structural results on universal languages for a fixed
that P4 andNP“ can be separated by strong diagonaliza- class of languages. In section 5, we discuss pseudouniver-
tion and such thaP? = NP?, and we provide additional  sal languages and show that, in general, it is easy to obtain
evidence that strong diagonalization doesn't relativize. universal languages from them. In section 6, we present rel-

We are primarily interested in the situation where two ativization results for separation by strong diagonalization.
classes of language$ and B are given to us to separate,
rather than the situation where one or bothAfand B 2. Diagonalization, non-membership, and uni-
are construpted durlng. thel “dlagorlallgatlon” process. That versal languages
is, we are interested in diagonalization used to separate,
rather than to construct. Whe# is closed under linear-
time many-one reducibility, strong diagonalization shows
B C A rather than jusB # A. Therefore we are primarily
interested in the situation wheBeC A. The time and space
hierarchy theorems as well as the open problem of whethe
P # NP satisfy these restrictions. We primarily consider
the situation where diagonalization is the main technique
for separation, rather than just one piece of a more complex
argument. This is what we mean by “separationdirgct
diagonalization.” We briefly discuss various forms of indi-
rect use of diagonalization arguments.

Since universal languages play a key role in our inves- e afunctiong: N — N with no fixed points,
tigations, we study their complexity. For any class of lan- . o .
guagesPZ, Kozen's result (theorem 7 below) implies that th€g-diagonald; := g(a;;) is different from every row in
there are universal languagesif of arbitrarily high com- [aij]. If the matrix is 0,1-valued (the case we are mterested
plexity. We show that there are no universal languages of ") We must havey(x) = 7(x) wheres is the negation
PB of arbitrarily low complexity (greater than or equal to function given by () :=1 — z. . o
that of B), show a density result for universal languages, W& may use something other thaig;;. That s, given
and show that there can be arbitrarily large gaps in com-
plexity between weak universal languages and strict univer-
sal languages of the same fixed class of languages. e afunctiong: N — N with no fixed points, and

While it seems hopeless to define “separation by indirect
diagonalization” in general, we isolate two related kinds of
“separation by indirect diagonalization” where diagonaliza-
tion is only part of the proof thad # B. We show that they
are ftrictly stronger than “separation by strong diagonaliza- This is the format in which many diagonalization re-
tion. sults are presented. We start with some enumeration of the

To simplify the presentation of the results, we focus on |gnguages in the set and then we build the functioh.
many-one reducibilities<;? (linear time) and<;,, (pOly-  very sophisticated techniques have been developed in com-
nomial time) and their corresponding Turing reducibilities ptapility and complexity theory to define such a function
<j" (linear time) and<; (polynomial time). Clearly most  , ' However, here we will be concerned only with the resuit-
of our results can be easily adapted to a variety of different g complexity of such a functioh, not with the techniques
reducibilities. used to define it.

The outline of this paper is as follows. In section 2, we Throughout this paper, we identify strings with natural
review diagonalization, show how it can be used to establish numbers, for example, by the correspondence
nonmembership, introduce universal languages and most of
the notation we will need, and present some basic proper- G =2lol ¢ Z o -2 — 1.
ties, including Kozen'’s result. In section 3, we introduce i<|o|

We start by reviewing what diagonalization is and how
it is used to prove non-membership. We will see later that
there is an extra twist when it is used to prove separations
;2and that it is this extra twist that leads to the possible range
of definitions of “separation by diagonalization.” Diagonal-
ization was introduced by Georg Cantor [4] in his famous
proof that the set of real numbers is uncountable.

The basic idea is that given

¢ a (usually infinite) matriXa;,] and

e an infinite matrixa;;],

e asurjective functiorh: N — N,

the g-h-diagonald; := g(ay(;);) is different from every
W in [aij].



That is, we append 1 to the string, read off the result-

Notice that theg-h-diagonal of U is equal to theg-

ing string as a binary number and subtract 1. We iden-diagonal of V' where V' is given by V.(z) = Up(e)(2)
tify languages with characteristic functions of subsets of sinceg(Uy(.)(e)) = g(Ve(e)). If h is surjective, we have

N. We define a linear-time computable pairing functioh
and the corresponding projection functiong 7, satisfy-
ing m;((z1,z2)) = x; as follows: to get(a,b) we insert
zeros between bits of and ones between bits 6f That
is, {a,b) is the stringag0a;0a20...bo1lb;1bo1. .. where
ap, a1, as, ... are the bits ofi andbg, b1, bo, . . . are the bits
of b.

In the case where the matiix; ;] is 0,1-valued, our iden-

V' —o €. Since we will be concerned with the complexity
of the language¥” anddiagy,, we will not need to consider
U andh separately, only their compositidn. As a result,
we can limit ourselves to studying universal languafes
and their “straight” diagonaldiag;;.

A frequently used universal language 1o is given by
Ue(z) = v&,(2) wherewgi denotes theth oracle Turing
machine with time boundkz|* + ¢ on inputz. This ma-

tification of strings with natural numbers and languages chine returns 0 or 1 (i.e., rejects or accepts) and, in partic-

with characteristic functions allows us to view tixéh row
of [a;;] as alanguag¥;. If the set{U;: i € N} is a class of
language£, then we can view the matrix,;] as a univer-
sal language fo€. We say thatU is auniversal language
for a class of language which we denote by —o C, if
and only if

C={U({e,o)): e € N}.
That is,

L € C <= FeVa(L(x) = U({e,x))).

We say that that/ is a weak universal languagéor C,
which we denote by/ ---o € if and only if

CC{U((e,®)): e € N}.
That is,
L € C = JevVa(L(z) = U({e,x))).

Sometimes we will refer to universal languagestaist uni-

versal languages, when we need to emphasize that they ar

not weak.

Thus if U — C, then every language i& corresponds
to a row in the infinite 0,1-valued matrjx...] whereu., =
U({e,z)). If U ---0 €, then the matriXu...] may have rows
which do not correspond to languagestinWe will write
U, for the languagéd/({e, ®)), that is,U.(z) = U({e,x)).
In this notation, we have

U—C<«=C={U.eeN}

and
U--0C<«<= CC{U.:eecN}

Then-diagonal ofU, which we will denoteliag,;, is given
by diag;; (x) := 1 — U, (z).

Proposition 1. If U --- B, thendiag;; € B.

Proof. diag;; € B impliesdiag;; = U, for somee, which
gives the contradictioty. (e) = diag () = 1-U.(e). O

ular, returns 0 if the time bound is reached. Similarly, a
frequently used universal language REPACE® is given
by Ue(x) = 1/’351);6(%) wherewgsp:i denotes theth oracle
Turing machine with space bound|® + i on inputz. This
machine returns 0 or 1 (i.e., rejects or accepts) and, in par-
ticular, returns 0 if the space bound is reached or if a loop is
detected (which can be done effectively).

We use the following notation for universal languages
and corresponding notation for weak universal languages.

oA—UoﬁforU—oB and U € A.

o A —oBfor3UA o B).

U
e A o Bfor-3U(A — B).
Proposition 2. If U ---o B and L € B, thenL <" U.

Proof. We must havel, = U, for somee and thereforef
given by f(z) := (e, z) witnessed. <!i* U. O

Eorollary 3. If A is closed undek!® andA --- B, then
C A.

Given a countable class of languag&ghere is always
some universal languadé for it. Therefore we are not in-
terested in the existence of universal language<fdout
rather in their complexity. We have the following two easy
facts.

Proposition 4. diag;, <i U.
Proof. By definition, diag;;(x) = 1 — Uy(z) = 1 —

U({x, x)) which can be computed in linear time with a sin-
gle query to the oracl&. O

Proposition 5. If B is closed undexi®, thenB -/-o B.
Proof. If we hadB - ‘B, then by proposition 4 and the

fact thatB is closed unde<!i» we would haveliag;, € B,
contradicting proposition 1. O



We now present two results, the second one due to A setB of languages is closed under finite variations iff
Kozen, which we will need in the next section to analyze (VB € B)(A =* B € B = A € B) whereA =* B
separations by strong and weak diagonalization. means thatd and B differ on at most finitely many posi-

Let E be the empty language (i.&/n(E(n) = 0)) and tions.

F be its complement (i.eyn(F(n) = 1)). Notice that

Theorem 7 (Kozen). If B is closed under finite variations
E — {E} andF — {F} and that{E} and{F'} are .
closed :Lnd}eug““ {r} (£} {r} and there isV so thatVV —o B, then, for everyl. ¢ B,

there isU computable inV and L so thatU — B and
Theorem 6. If B is a set of computable languages closed I = diag;.

under<!i andB # {E} andB # {F}, thenB -/-o B.
" 7B # / Proof. We constructU in stages, one row at a time. Start

This shows tha3 -#-o B even wherB is not closed  with J, := N. At stagee, setU, := ViandJ, := J,_ 1 —
under complements. The proof technique comes from [9] {7} wherej is the smallestindex i, _, satisfyingV;(e) =
and is interesting because it shows that there are separations—,(¢). SinceB is closed under finite variations aftl—o
such as the nondeterministic time hierarchy theorems in [9] B, at every stage there is SUCIj. Converse|y, for every,
that seem to be considered to be “by diagonalization” eventhere is some stageat which we sel/, = V;. Otherwise
though no diagonaliag;; is explicit or even implicitinthe  there would be a smallegtwhich would be inJ; for all 7.
proof. At some stage, this j would become the smallest index in

o U J. and, since it would be never removed, for every> e
Proof. Assume to get a contradiction thBt---o B, soU we would haveV; (¢') = L(¢). But this would implyL =*

is computable by some Turing machiné. Defineg by V; € B. SinceB is closed under finite variations, we would
uy if M((e,0)) =0 in |z| havel € B, contradicting the hypothesis. The construction
steps or less givesU —o B satisfying, for alle, L(e) = 1 — U,(e) =
glle,z)) = 4 uo it M((e,0)) =1 in |z] diag;;(e) as desired and clearly is computable i and
steps or less L. J
{e,z)  otherwise Kozen’s formulation (theorem 6.2 in [7]) is somewhat
wherez’ is x extended by appending a zero (s¢| = different and in particular refers to computafMeandL, in
z| + 1) and whereu, and u, are two constants so that Which case/” is computable.
U(ug) = 0 andU(uy) = 1 (uo andu; exist because This result shows that iB is closed under finite varia-

B # {E},{F}). Notice thaty(z) can be computed in linear  tions, then any language ¢ B is the diagonal of some
time since our pairing functior, ) and the corresponding ~ universal language fdg. That is,anyproof that/, ¢ B can
projections (described in an earlier section) are computablebe recast as diagonalizationproof thatZ ¢ B. Notice that

in linear time. the proof thatU is a universal language f@ requiresthe
Now setL = UogsoL <!" /. SinceB is closed under ~ Proof thatZ ¢ B inside of it and so it does not yield a new
<£i7;1 andU ¢ B, we must havd, € B and prOOf of L g B independent of the Original one.
L= Ue((e,0) if M({e,0)) =y in 3. Diagonalization and separation
L({e,x)) = |z| steps orless
Ue((e,z")) otherwise. o . N
In general, itis clear how to use diagonalization to estab-
SinceL € B, we must havd. = U, for somee and there-  lish non-membership, but for a constructive separation we
fore need a little more:
1—L({e,0)) if M((e,0)) =y in e a definition of a languag®,
L{e,x)) = |z| steps orless
L({e, ")) otherwise. e aproof of L ¢ B, and

We definez(*) to be z extended by appending zeros. e aproofofL € A.

By our correspondence of strings and numbers, O denotesye call suchl a separating languagéor B # A. Given

the empty string and s0(*) denotes a string of zeros. 7 __ B, clearlyL := diag,, satisfies the first two require-
M ((e,0)) must halt, so say it halts insteps. Thenwe have  ments. Theorem 6 shows thatfifis a class of computable
the following contradiction languages closed undeti®, thenL := U also satisfies the

m

L(<€,0>) _ L(<670/>) - :L(<e’0(a)>) — 1—L(<€,O>)7 first two reguirements. - - -
Regarding the last requirement, if we det= diagy;,

which shows tha3 -/-o B. O the least we can ask for is a proof thihg,; € A. We can



also ask for more: a proof that € A, which under some If P £ NP, then using Ladner’s delayed diagonalization
closure conditions om (for example, closure undegi® we can build languaged and B in NP which are Turing-
yieldsdiag; € A. incomparable and are neitherlhnor NP-complete and so
These considerations lead us to the following two def- P4 andP? are distinct. Here some kind of “diagonaliza-
initions. A separation by weak diagonalizatiaf A and tion” is used to showA and B satisfy the properties men-
B (implicitly used in Kozen’s interpretation of his results) tioned above, but note that and B are constructed during
requires: the process. Since we havé ¢ PP andP? ¢ P4, strong
diagonalization can’t separake® from P2, but weak diag-

1. adefinition oft/, onalization can. (Using theorem 7 we can §et— P4

2. aproof that/ --- B, and andV —o PP such thatd = diagv andB = dlagU)
' It easily follows from the definition that if several classes
3. aproof thatliag;, € A. A1, As, ..., A can't be separated from another cldsby

strong diagonalization, then the unign U A, U ... U Ay

can't be so separated froBy since none ofl, Ao, . .., Ag

contain a weak universal language fBr ThereforeP?

1. adefinition ofU, can't be separated froid* UP? by strong diagonalization,

even thougP? C P4 U PB. This provides an example of

two classes, one a subset of the other, which can't be sepa-

3. aproof that/ € A, and rated by strong diagonalization. Since these classes can be
separated by weak diagonalization, the two notions (strong

4. aproofthat (aj is closed undex or (b) B is closed and weak) are different.

under<;;?. Furthermore, theorem 10 (in the next section) shows that

. b )
By proposition 4, 4a impliediag,, € A. By theorem 6, 4b  OF any languagess arll)dL W';[,h B <r L there sa lan-
impliesB -/- B (soU ¢ B) and therefore both 4a and 4b gua%eA sucg thats <y A <y L andP™ /-0 P7. That
imply A £ B. 1 is, P* andP*” can't be separated by strong diagonalization,

B A
If we limit ourselves to the case whefeis closed under ~ €VeN thougtP™ ¢ P )
<lin_ then using theorem 7, we have thatand B can be Note that theorem 10 includes the case whgre 0 and
Xm ! ’ . P .
separated by weak or strong diagonalization iff there is a L IS Such thaLSAI; ST LL Henci there is adl ¢ P such
definition of a separating languageand proofof any kind ~ thatNP € P%, P% C P%, andP® -/ P. If, moreover,

These conditions implyl # B by proposition 1. Asepa-
ration by strong diagonalizatioof A andB requires:

2. aproofthat/ --- B,

thatL € A — B where we hadSAT <% A, we could deduc&P -/~ P,ie., NP
would not be separable from P by strong diagonalization.
o for weak diagonalization/, is arbitrary, and The space and time hierarchy theorems are separations

¢ for strong diagonalizationy, ---o B. by strong diagonalization.

This explains the use of the name “weak” and “strong” Proposition 8. If f,g are space-constructibldpg < f,
and shows that separation by strong diagonalization implies2Nd./ € o(¢), thenSPACE[g] —e SPACE[/].
separation by weak diagonalization. These two definitions
seem to provide two natural extremes to any definition of
“separation by direct diagonalization.”

WhenA andB are given to us to separate (rather than
constructed by us), it is hard to see how we can show that

fhagUwe “iqutIhe“rr t?ra?it,l?g E)rowr:g first tf;]:’aiiéfi'e A, tﬁn_ space. If the computation succeeds, we return its value;
€ss we simply: Tetro 0 get a specifiliagy, (the- otherwise we return 0. Sincgé € o(g), for everyi and
orem 7 shows this can be done), once we have proved.

T ) i j one of two things can happen: (a) the simulation suc-
%h.'f. diagy kaé N Bt USItntg E:Qy de t(')f pror(:f method. eeds for allz, in which caseU; ;y € SPACEIf], or

IS 1S In marked contrast to the situation where we con- (b) the simulation runs out of space for finitely many
struct classes which we then show to be distinct. In such a

. in which caselU; ;, is a finite variation of a language in
case, we may havé much harder to compute thaling,;. SPACE]f] and so it is iNSPACE[f]. On the other hand,

1if you do not consider the proof of theorem 6 to be “by diagonaliza- for everyi, there is g so that (a) above happens and there-
tion” you may prefer the more conservative definition which instead of 4b fore /' —o SPACE[f]. Since we limit the space used in

requires (4b")B is closed undeélTi“. The proof of theorem 6 goes be- the simulation b)g we havel/ € SPACE[g] We are using
yond the framework outlined in the previous section, but we include condi- ! ’

tion 4b because that proof seems to fit within what is in practice considered e spacg-constructibility of andg to efficiently limit the
to be diagonalization. computations to spacgandg and the fact thay > log to

Proof. (outline) We know we can simulate Turing machine
e on inputz limited to spacef(|x|), including detection
of an infinite loop with only a linear loss of space effi-
ciency. We computd/;; ;(z) as follows. We simulate
¢i(x) limited to spacef(|z|) using at mosty(|(s, j, z)|)




detect infinite loops and (together withe o(g)) to ensure
that for any value of andd there is somé such that

Vi, z(c- f(|z]) +d < g(|(i, §, 2)])).

O

Proposition 9. If f g are time-constructible andf €
o(g/log g), thenTIME[g] —o TIME(f].

Proof. (outline) We know we can simulate Turing machine
e on inputz limited to time f(|x|), in time f(|z|) log(|z|).
We computel/; ;) () as follows. We simulate;(z) lim-
ited to time f(|z|) using at mosy(|(i, j, z)|) time. If the

computation succeeds, we return its value; otherwise we re

turn 0. Sincef € o(g/logg), for everyi andj one of

two things can happen: (a) the simulation succeeds for all

z, in which caseU,; j, € TIME[f], or (b) the simulation
runs out of time for finitely many:, in which casel; j
is a finite variation of a language IRIME[f] and so it is
in TIME[f]. On the other hand, for every there is aj
so that (a) above happens and therefdre— TIME|[f].
Since we limit the time used in the simulation yywe have
U € TIME]g]. We are using the time-constructibility ¢f
andg to efficiently limit the computations to timg andg.
Sincef € o(g/log g) and sog > log we have that for any
value ofc andd there is somg so that

Vi, (e f(lx]) log(|]) + d < g([(i, 5, 2)]))-

As a consequence we have

e EXP — P,

e EXPSPACE — PSPACE, and
e PSPACE — NLOGSPACE.

All these results relativize.
Next we consider, as an example,

1. A---o CbutB -#- C (indirect A or
2. C-/-oAbutC --- B (indirect B

We callC aseparating classNotice that we allow arbitrary
methods to provéd -7- C or to proveC -/-o A. If we
allowed arbitrary classe3, then separation by weak diago-
nalization would fall under indirect B diagonalization. That
is, if we had

1. aproofthal/ ---o B and
2. aproof thatliag;; € A,

we could simply se€ = {U}. Then the first item would

imply € --- B and the second item (together with propo-

sition 1) would implyC -/- A.
In theorem 13 we show thatif ---o PZ, then
<P U and PY

VB < v -/o PV -/o PB).
This shows that separations by indirect diagonalization are
more powerful than separations by strong diagonalization,
even when the separating class is closed usderThat is,
takeAd = PU andB = PY and@ = P& with U — P5;
then

A-fo0B-f/-C€ and A — C.

Similarly, takeC = PV andA = PV andB = P& with
U —o PB; then

C-/oA-/oB and C —o B.

That is, A andB can'’t be separated by strong diagonaliza-
tion, but can be separated by indirect diagonalization A or
B.

4. Structural results

The following three theorems give structural results for
universal languages of a fixed, arbitrary class of languages

a separationP?5,

which is an easy consequence of the space hierarchy

theorem.
some additional logic. Since we know from above
that PSPACE — LINSPACE, we can deduce that
PLINSPACE PSPACE # LINSPACE. That is,
LINSPACE is not closed undeg?, in contrast toP and
thereforeLINSPACE # P.

Since we know thaEXP —o P, if we could show
NP -#- P we would be able to dedudéP # EXP. This
not only shows that provinlP -/- P is hard, but also

lts proof uses strong diagonalization and Theorem 10. Forall B andZ,

B<P L= 3AB <Y A<E L and P* -/ PB)
and
B<P L —=3AB<F A<l L and P -/ PP).

Proof. We prove the first statement. The proof of the sec-
ond statement is similar. We use Ladner’s delayed diago-

suggests a formalization of two very related kinds of sepa- nalization technique (see [8] and [2]) to construct a 4et
ration by indirect diagonalization (for lack of better name, which meets a certain list of requiremertB;: k € N}.

we simply call them “indirect A" and “indirect B"A # B
if there is aC, closed undex!i, so that either

We will have a functionp which, for every stage, will

give the numbep(s) of the requirement that we will try to



satisfy at stage. We will use the length of the input to
indicate the stage; i.es, = |z|. p will be increasing, but
will usually grow very, very slowly.

To ensure thatl £%. B, we shall satisfy the following
requirements for ak:

Ju(A(z) # dee(x)).

To satisfy requiremenk . oy, we use the fact that ¢ PB,
At stages = |z|, when we want meet requiremeRt. o),
we setA(z) = L(z). We keep trying to meet requirement
Ry at every stagez'| = s’ > s by settingA(z') =
L(z') until we find A(2') = L(2') # ¢5.(z'). We must
eventually find such &’ since otherwise we would have
L =*A="4},, contradictinglL ¢ P".

To ensure thaP4 -/ PB we shall satisfy the follow-
ing requirements for at and::

3 (Le(x) # Vi (i, 2))).
To satisfy requiremenk. ; 1), we use the language. =

\4
diagy, with TIME” [n°+!] —o TIME” [n¢] given by

Re0y:

R(e,i+1) :

the time hierarchy theorem, which we compute as we pro-
ceed. At stage = |z|, when we want to meet requirement

Rie,it1y, We setA(z) = B(z). We keep trying to meet
requirementr. ;1) at every stag¢z’| = s’ > s by set-
ting A(z') = B(z’) until we find 2’ such thatL.(z") #

;f‘;e(z’). Suchz’ must eventually appear since otherwise

we would haved =* B and L. =* ¢Z,,
L. ¢ TIME? [n°].

To ensureB <4 A <% L we use Ladner’s delayed di-
agonalization technique as follows. We define a function
satisfying the following conditions.

contradicting

1. If z <y, thenp(x) < p(y).

2. fz+1=y,thenp(z) +1 > p(y).
3. p(0) = 0.

4. p(s) is computable in tim&(s).
We computep(s) as follows:

e For s steps, computg(0), p(1), p(2), . . ..
Sayp(s’) = r (with s’ < s) is the last value for which
this computation can be completed.

e Fors steps try to satisfy requirememy,.

o Setp(s) = r+1 if R, hasbeen satisfied
P otherwise.

Thus p determines, within the given time limit, which re-

may need to computg(w) recursively and we handle this

as follows. If we need the valygw) for w > s, we simply

abort that computation and sets) = r. If we need the

valuep(w) for w < s, we go ahead and compute it.
Using p we defineA as follows:

Alz) = {L(z) it ma(p(|2]) =0

B(z) otherwise.

Then we havel <P L @ B by h given by
_f22 it m(p(z)) =0
Mz) = { 2z +1

otherwise.
That is, ifma(p(]z])) = 0, we haveA(z) = L(z) = (L &
B)(2z) and if ma(p(|z])) # 0, we haveA(z) = B(z) =
(L@ B)(2z+1). SinceB <% L, we getA <F L.
FurthermoreB <. A since ifma(p(|2])) # 0, thenB(z)
is equal toA(z) and otherwis&3(z) can be computed from
A(z) = L(z) becauseB <% L.

Since we attempt to satisfy requirements in sequence, if

there is an unsatisfied requiremeRt, we would havep
eventually constant with value and we have shown above
that this leads to a contradiction. O

Theorem 11. If U —o PZ andW <% U, then
VW <EV <E UV — PB).

Proof. By Ladner’s density theorem, we know there is a
languageL such thatw <% L <P U. We buildV in

stages, row by row, using Ladner’s delayed diagonalization
to getV <P U. We set

Up(m)/g(l‘) if p(|j|) is even
Vi(z) := ¢ L(lp(li)/2]) i p(lj]) is oddandz =0
0 if p(|j|) isoddand0 < =

wherep is as in the proof of theorem 10.
To ensuré/ ---o PP we shall satisfy the following re-
quirements for alk:

Roe:  3j(V; =Ue).
At stages when we want to meet requiremeRi.., we look
for somes’ < s with p(s’) = p(s) = 2e. If there is suchy’,
then we havé’; = U, for all j for which|j| = ¢, satisfying
the requirement. There must be sogriarge enough to give
us enough time to find’ < s as desired.

To ensureU X V we shall satisfy the following re-
quirements for ale:

(U (z) # ¥Ye(2)).

R26+1:

guirement we were last trying to satisfy and then determines
whether that requirement has been satisfied. While we tryAt stages when we want to meet requiremeR.; (i.e.,

to satisfy requiremenR,. in the computation op(s), we

whenp(s) = 2e + 1), we search foe satisfyingU(z) #



v.(2). We must find some suchat some stage’ > s

since otherwise we would hayeeventually constant with
value 2e + 1 and thenV would index only finitely many
languages oP? and we would hav&” <¥. B. So if we had
U <t Vv, we would havd/ € P contradictingl —o PZ
by proposition 5.

Since every row we add t& is either a finite variation
of the empty language or a languagebfi, if we meet all
requirements, we gét —o PZ. We can recover. from the
first position of the odd rows of: L(j) := V| ,(;|y/2)(0)
and so we havéV <% L <P V, which givesW <%
V. O

Notice it is not essential to hav® = PZ in the proof;
it is enough to havé closed undek!* and a computable
W —o B. Itis not clear whether there are infinite descend-
ing chains of weak universal languages, sindé if- o P?
it may be, for example, thal, = U for somee or that

U. is a language of high complexity, and there seems to be

must be some for which we satisfy the requirement, since
otherwise we would hav” =* U andLY =* ¢ ((i, e))
contradictingL’ ¢ TIME" [n€].

To ensurePV -/ PB we satisfy the requirements

3z (L (x) # e (i, ).

At stage s |z| when we want to meet requirement
Rgeq1,y (i.€., whenp(s) = (2e + 1,4)), we setV (z) =
B(z). There must be some for which we satisfy the re-
quirement, since otherwise we would have=* B and
LB =*yY _((i,)) contradictingL? ¢ TIME? [n°]. O

- ese

Rigeq1,):

Theorem 13 shows thao is “strongly” non-transitive.
In particular, the binary relation oA x B defined byA —/~
B o A is not an equivalence relation and so we can not
define equivalence classes of languages for whielgives
a partial order.
By definition, if U —o B, thenU --- B. On the other

no easy way of detecting this. Notice that we have usedNand, we have

the fact that/ —o P¥ in the proof only to conclude that
U g? Uy ®Us @ ...8 Uy for anyk and therefore the same
proof gives the following corresponding theorem for weak
universal languages.

Theorem 12. If U --o PB andW <P U andU is such
that for anyk, U «L U1 @ Us @ ... @ Uy, then

VW <EV <E U)WV -0 PP).

Theorem 13. If U --o PB, then3V(B <& VvV <P
U and PY /o PV -/ PB),

Proof. We build V' in stages, cell by cell (not row by row),
using Ladner’s delayed diagonalization to fe”’, U. We

set
_(U(z) if m(p(l])) iseven
Viz) = {B(z) it m1(o(l-)) is odd

wherep is as in the proof of theorem 10.
We use the languagés’ := diagy,, andL}’ := diagy,,
whereW, andW/ satisfy

We
TIME” [n°t!] — TIME” [n]
and
v 1 we |4
TIME" [n“™] — TIME" [n°].

The existence of such languagés and W/ follows from
the time hierarchy theorem. We will use!” to witness
Y. -/ PV andL¥ to witness)},, -/~ PE.
To ensureP? -/-o PV, we satisfy the requirements

3z (L (x) # e (i x))).

At stages = |z| when we want to meet requiremeRits. ;)
(i.e., whenp(s) = (2e,i)), we setV(z) = U(z). There

Rigeiy:

Theorem 14. For everyL, there isB;, C TIME([n] closed

under finite variations so that there i3 RS By, but for
anyV — By, Lis¥yin V.

&

and B’} := {Z;: L(k) = 1}. TakeB, to be the closure
under finite variations oB’.. ThenU’ given byU/(n) :=
Z.(n) is a weak universal language #f, and so a weak
pseudouniversal language fBr,. Proposition 16 (below)
shows that there i& <! U’ so thatl/ --- By, Since all
we need to do to computé’ (n) is test whethee dividesn,
we haveU € P. On the other hand, givei — B, we
havek € Liff Z, € B, iff

Proof. Set

if k£ divides n

Zk(n) - otherwise

Je,m(Vn = m)(Ve(n) = 1 <= k divides n).
O

If we take L ¢ X9, thenB; has a weak universal lan-
guage in P, but no recursive universal language.

To summarize, our results tell us the following for uni-
versal languages of a fixed arbitrary cl&ss.

1. There are universal languages of arbitrarily high com-
plexity (theorem 7).

2. Below them, there are dense chains of universal lan-
guages (undex?h) (theorem 11).

3. None of these chains come arbitrarily clos@té. In-
stead, there is a strict supersePdt which has no uni-
versal languages (theorem 10).



4. Furthermore, no matter how high the complexity of a
universal languag¥, we can find a supersBt’ of P?
so thatP? -/-o PV -/ PB,

Proposition 16. If U is a weak pseudouniversal language
for BandB # {E} andB # {F}, thenthereid” --- B
with vV <li 1.

Nm

We have the same results for weak universal languages, exproof. DefineV --- ‘B by

cept for item 2 (but see theore®?). Finally, theorem 14

shows that there are classes of languages which have weak

universal languages of low complexity, but no universal lan-
guages below any arbitrarily high fixed complexity.

5. Variants of universal languages

We have seen thdfl ---o B impliesdiag;; ¢ B. Itis
natural to ask how much further we can weakéand still
getdiag;; ¢ B, and how such weaker notions relate to one
another.

A languageU has padding iff for alk the set{i: U. =
U;} is infinite. It is computationally very easy to obtain a
universal languag®” with padding from an arbitrary uni-
versal languagé’: defineV, = Uy, (). This givesV with
padding and/ <!i" U.

m

Proposition 15. If U ---o B and U has padding, then
Ve(diagy #* Ue).

Proof. By definition ofdiag;;, we have
Vi(diagy (i) # Ui(i))
and so

{i: Uili) = Uei)}

{i: diagy, (i) # Ue(i)}

SinceU has padding, the set on the left is infinite and so the
one on the right is infinite too, that dHag;; #* U.. O

{il Ui = Ue} g

Therefore, whe/ has padding, we can require less than
a weak universal language in order to gebg,;, ¢ B.
WhenU has padding, it is enough to halegive, for ev-
ery languageB in B, one rowU, that is almost equal to it
(Ue =* B). Accordingly, we say thal/ is aweak pseu-
douniversal languagéor B iff it satisfies

(VB € B)3e(U. =* B).

Similarly, we say that/ is apseudouniversal languader
B if it also satisfies

Ve(3B € B)(U. =* B).

It is easy to get (weak) universal languages from (weak)

pseudouniversal languages, as the following two proposi-

tions show.
Let £ be the empty language (i.&/»(E(n) = 0)) and
F be its complement (i.eVn(F(n) = 1)).

o(z)
Ue(x)

if v<|o
View (#) = { otherwi‘scl
(remember tha# is the number associated with the string
o). We letV; be all zeros if there are ne,s so that
j = (e,6). Thatis,V is obtained fromJ as follows. Ev-
ery row U, appears infinitely often in” asV, 5, V. 1),
Viedoyr Vie,o1yr - €xcept that its initial portion Is replaced
by the stringd, 1,00, 01, and so on. This ensures that
indexes all finite variations of/, and therefore we have
V ---o B’ whereB’ is the closure of8 under finite varia-
tions. SinceB # {E}, {F} there are constantg andu
such that/ (up) = 0 andU (u;) = 1. The functiong given
by
if z<|o]
otherwise

Ug (x)

alle.do) = { o)

witnessed” <lin U,

This proof also shows the following.

Proposition 17. If U is a pseudouniversal language fr
and 3B is closed under finite variations, then therélis—o
B with vV <lin 7,

6. Relativization and strong diagonalization

In this section, we consider the problem of whether our
notion of separation by strong diagonalization relativizes.
The following propositions provide evidence that separa-
tions by strong diagonalization do not relativize.

Proposition 18. There is a computable oracld so that
NP4 — P4,

Proof. There is a computable orack so thatEXP4 =
NP4 [5] (see also [3]) and we know th&XP* —o P4
(by the time hierarchy theorem). O

Proposition 19. There is a computable oraclB so that
NP® - /o PB,

Proof. Take B a PSPACE-complete language. Then
NP?Z € PSPACE? C PSPACE C P? c NPP

and therefore, by proposition 5 we hav@” = PP -/-
P5. O



The two propositions above show that it can’t be estab- References

lished whethelNP ---o P or not using techniques that rel-
ativize. Also, while we do not know wheth&P ---o P

or not, one of the two, existence or nonexistence of a weak
universal language for P in NP, doesn't relativize.

Proposition 20. There are computable languagdsandC'
suchthafNP# —o P4, yetNPA®C — pA®C gnd therefore
NPA®C _ /o pASC,

Proof. Take A as in theorem 18 and to be aPSPACE"-
complete language. ThéfiP* —o P4 by theorem 18 and

pA®C C NPAPC C PSPACEA®Y = pC C pA&C,
O

If you accept the definition ofP4)“ to be PA®C and
that of (NP*)C to beNP4®“, then theorem 20 shows that
separations by strong diagonalization do not relativize.

7. Conclusion

“Separation by direct diagonalization” is not clearly de-
fined, but there are two natural bounds on what such a def-
inition might be. Kozen showed that separation by weak
diagonalization is essentially equivalent to constructive sep-
aration. We showed that separation by strong diagonaliza-
tion, which includes the time and space hierarchy theorems,
is a more restrictive notion and that there are classes of lan-
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guages it can not separate. We have shown evidence that

strong diagonalization doesn't relativize.

Turning to universal languages, we have shown that, for
a fixed arbitrary class of languagB¥, there are universal
languages of arbitrarily high complexity, there are dense de-

scending chains under every strict universal language, and

there is a non-trivial lower bound to every descending chain

of universal languages. We have shown that apparent weak-

enings of the notion of universal language suitable for diag-
onalization are, in fact, not much weaker.

We have shown that a universal language can be used
as a separating language when we have closure under

linear-time many-one reducibility. Finally, we have shown
that two kinds of indirect diagonalization, A and B, are
stronger than strong diagonalization even limited to sepa-
rating classes closed unde¥..
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