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Abstract

We define and study strong diagonalization and compare
it to weak diagonalization, implicit in [7]. Kozen’s result
in [7] shows that virtually every separation can be recast
as weak diagonalization. We show that there are classes
of languages which can not be separated by strong diago-
nalization and provide evidence that strong diagonalization
does not relativize. We also define two kinds of indirect di-
agonalization and study their power.

Since we define strong diagonalization in terms of uni-
versal languages, we study their complexity. We distinguish
and compare weak and strict universal languages. Finally
we analyze some apparently weaker variants of universal
languages, which we call pseudouniversal languages, and
show that under weak closure conditions they easily yield
universal languages.

1. Introduction

Baker, Gill, and Solovay [1] showed that there are ora-
clesA,B so thatPA 6= NPA andPB = NPB . While this

shows thatrelativizing techniqueswon’t settleP ?= NP,
some have interpreted this result to show thatdiagonaliza-

tion won’t settleP ?= NP. Indeed, the diagonalization tech-
niques that we are familiar with seem to relativize. Per-
haps as a reaction to such overly broad interpretation of the
results in [1], Kozen proved a result (theorem 6.2 in [7],
adapted below as theorem 7) which he interpreted as fol-
lows: “if P 6= NP is provable at all, then it is provable by
diagonalization” and “there is an effective method for go-
ing from proofs ofP 6= NP to diagonalization proofs of
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P 6= NP (i.e., those in which a specific diagonal function in
NP− P is exhibited).”

One difficulty with this interpretation is that there is no
generally-accepted definition of “separation by diagonaliza-
tion.” Regarding Kozen’s result, Fortnow has written [6] “I
believe this result says more about the difficulty of exactly
formalizing the notion of a ‘diagonalization proof’ than of
actually arguing the diagonalization technique is the only
technique we have for class separation.”

Some obvious questions are:

1. What is “separation by diagonalization”?

2. Are there separations that it can’t do?

3. Does it always relativize?

4. Can it proveP 6= NP?

In this paper we first highlight the difference between
“separation by diagonalization” and “nonmembership by
diagonalization” and formalize two notions of “separation
by direct diagonalization”: weak and strong. In [7], Kozen
showed that separation by weak diagonalization is essen-
tially equivalent to constructive separation (he didn’t give a
definition of “separation by diagonalization”). Therefore, if
P can be separated from NP constructively, then it can be
separated by weak diagonalization.

We define “separation by strong diagonalization”
roughly as follows: a proof of separation by strong diag-
onalization ofB 6= A is one that shows thatA has a weak
universal language forB (we define “universal language”
and “weak universal language” in the next section). Ob-
vious examples of separation by strong diagonalization are
the time and space hierarchy theorems. We show that there
are pairs of classes of languages that can not be separated by
strong diagonalization, including P and a strict superset of



P. Thus, even ifP 6= NP, it is possible that P can’t be sepa-
rated from NP by strong diagonalization. Since we will see
that P and EXP can be separated by strong diagonalization,
providing a definitive answer to whether P and NP can be
separated by strong diagonalization is hard: a positive an-
swer would giveP 6= NP and a negative answer would give
NP 6= EXP. We show that there are oraclesA andB such
thatPA andNPA can be separated by strong diagonaliza-
tion and such thatPB = NPB , and we provide additional
evidence that strong diagonalization doesn’t relativize.

We are primarily interested in the situation where two
classes of languagesA andB are given to us to separate,
rather than the situation where one or both ofA and B

are constructed during the “diagonalization” process. That
is, we are interested in diagonalization used to separate,
rather than to construct. WhenA is closed under linear-
time many-one reducibility, strong diagonalization shows
B ( A rather than justB 6= A. Therefore we are primarily
interested in the situation whereB ⊆ A. The time and space
hierarchy theorems as well as the open problem of whether
P 6= NP satisfy these restrictions. We primarily consider
the situation where diagonalization is the main technique
for separation, rather than just one piece of a more complex
argument. This is what we mean by “separation bydirect
diagonalization.” We briefly discuss various forms of indi-
rect use of diagonalization arguments.

Since universal languages play a key role in our inves-
tigations, we study their complexity. For any class of lan-
guagesPB , Kozen’s result (theorem 7 below) implies that
there are universal languages ofPB of arbitrarily high com-
plexity. We show that there are no universal languages of
PB of arbitrarily low complexity (greater than or equal to
that ofB), show a density result for universal languages,
and show that there can be arbitrarily large gaps in com-
plexity between weak universal languages and strict univer-
sal languages of the same fixed class of languages.

While it seems hopeless to define “separation by indirect
diagonalization” in general, we isolate two related kinds of
“separation by indirect diagonalization” where diagonaliza-
tion is only part of the proof thatA 6= B. We show that they
are strictly stronger than “separation by strong diagonaliza-
tion.”

To simplify the presentation of the results, we focus on
many-one reducibilities6lin

m (linear time) and6P
m (poly-

nomial time) and their corresponding Turing reducibilities
6lin

T (linear time) and6P
T (polynomial time). Clearly most

of our results can be easily adapted to a variety of different
reducibilities.

The outline of this paper is as follows. In section 2, we
review diagonalization, show how it can be used to establish
nonmembership, introduce universal languages and most of
the notation we will need, and present some basic proper-
ties, including Kozen’s result. In section 3, we introduce

our definitions of separation by strong and weak diagonal-
ization, show how the space and time hierarchy theorems fit
the definition of separation by strong diagonalization, com-
pare the two definitions (showing they are not equal), and
discuss their consequences, referring to structural results
from the next section. In section 4, we present our main
results: structural results on universal languages for a fixed
class of languages. In section 5, we discuss pseudouniver-
sal languages and show that, in general, it is easy to obtain
universal languages from them. In section 6, we present rel-
ativization results for separation by strong diagonalization.

2. Diagonalization, non-membership, and uni-
versal languages

We start by reviewing what diagonalization is and how
it is used to prove non-membership. We will see later that
there is an extra twist when it is used to prove separations
and that it is this extra twist that leads to the possible range
of definitions of “separation by diagonalization.” Diagonal-
ization was introduced by Georg Cantor [4] in his famous
proof that the set of real numbers is uncountable.

The basic idea is that given

• a (usually infinite) matrix[aij ] and

• a functiong: N−→ N with no fixed points,

theg-diagonaldj := g(ajj) is different from every row in
[aij ]. If the matrix is 0,1-valued (the case we are interested
in), we must haveg(x) = η(x) whereη is the negation
function given byη(x) := 1− x.

We may use something other thandiagU . That is, given

• an infinite matrix[aij ],

• a functiong: N−→ N with no fixed points, and

• a surjective functionh: N−→ N,

the g-h-diagonaldj := g(ah(j)j) is different from every
row in [aij ].

This is the format in which many diagonalization re-
sults are presented. We start with some enumeration of the
languages in the setC and then we build the functionh.
Very sophisticated techniques have been developed in com-
putability and complexity theory to define such a function
h. However, here we will be concerned only with the result-
ing complexity of such a functionh, not with the techniques
used to define it.

Throughout this paper, we identify strings with natural
numbers, for example, by the correspondence

σ̂ := 2|σ| +
∑
i<|σ|

σi · 2i − 1.



That is, we append 1 to the string, read off the result-
ing string as a binary number and subtract 1. We iden-
tify languages with characteristic functions of subsets of
N. We define a linear-time computable pairing function〈, 〉
and the corresponding projection functionsπ1, π2 satisfy-
ing πi(〈x1, x2〉) = xi as follows: to get〈a, b〉 we insert
zeros between bits ofa and ones between bits ofb. That
is, 〈a, b〉 is the stringa00a10a20 . . . b01b11b21 . . . where
a0, a1, a2, . . . are the bits ofa andb0, b1, b2, . . . are the bits
of b.

In the case where the matrix[aij ] is 0,1-valued, our iden-
tification of strings with natural numbers and languages
with characteristic functions allows us to view thei-th row
of [aij ] as a languageUi. If the set{Ui: i ∈ N} is a class of
languagesC, then we can view the matrix[aij ] as a univer-
sal language forC. We say thatU is auniversal language
for a class of languagesC, which we denote byU 9( C, if
and only if

C = {U(〈e, •〉): e ∈ N}.

That is,

L ∈ C ⇐⇒ ∃e∀x(L(x) = U(〈e, x〉)).

We say that thatU is a weak universal languagefor C,
which we denote byU 999◦ C if and only if

C ⊆ {U(〈e, •〉): e ∈ N}.

That is,

L ∈ C =⇒ ∃e∀x(L(x) = U(〈e, x〉)).

Sometimes we will refer to universal languages asstrict uni-
versal languages, when we need to emphasize that they are
not weak.

Thus ifU 9( C, then every language inC corresponds
to a row in the infinite 0,1-valued matrix[uex] whereuex =
U(〈e, x〉). If U 999◦ C, then the matrix[uex] may have rows
which do not correspond to languages inC. We will write
Ue for the languageU(〈e, •〉), that is,Ue(x) = U(〈e, x〉).
In this notation, we have

U 9( C ⇐⇒ C = {Ue: e ∈ N}

and
U 999◦ C ⇐⇒ C ⊆ {Ue: e ∈ N}.

Theη-diagonal ofU , which we will denotediagU , is given
by diagU (x) := 1− Ux(x).

Proposition 1. If U 999◦ B, thendiagU 6∈ B.

Proof. diagU ∈ B impliesdiagU = Ue for somee, which
gives the contradictionUe(e) = diagU (e) = 1−Ue(e).

Notice that theg-h-diagonal ofU is equal to theg-
diagonal ofV whereV is given byVe(x) = Uh(e)(x)
sinceg(Uh(e)(e)) = g(Ve(e)). If h is surjective, we have
V 9( C. Since we will be concerned with the complexity
of the languagesV anddiagV , we will not need to consider
U andh separately, only their compositionV . As a result,
we can limit ourselves to studying universal languagesU
and their “straight” diagonalsdiagU .

A frequently used universal language forPQ is given by
Ue(x) = ψQ

e;e(x) whereψQ
e;i denotes theeth oracle Turing

machine with time bound|x|i + i on inputx. This ma-
chine returns 0 or 1 (i.e., rejects or accepts) and, in partic-
ular, returns 0 if the time bound is reached. Similarly, a
frequently used universal language forPSPACEQ is given
by Ue(x) = ψQ

e;sp:e(x) whereψQ
e;sp:i denotes theeth oracle

Turing machine with space bound|x|i + i on inputx. This
machine returns 0 or 1 (i.e., rejects or accepts) and, in par-
ticular, returns 0 if the space bound is reached or if a loop is
detected (which can be done effectively).

We use the following notation for universal languages
and corresponding notation for weak universal languages.

• A
U

9( B for U 9( B and U ∈ A.

• A 9( B for ∃U(A
U

9( B).

• A 69( B for ¬∃U(A
U

9( B).

Proposition 2. If U 999◦ B andL ∈ B, thenL 6lin
m U .

Proof. We must haveL = Ue for somee and thereforef
given byf(x) := 〈e, x〉 witnessesL 6lin

m U .

Corollary 3. If A is closed under6lin
m andA 999◦ B, then

B ⊆ A.

Given a countable class of languagesC, there is always
some universal languageU for it. Therefore we are not in-
terested in the existence of universal languages forC, but
rather in their complexity. We have the following two easy
facts.

Proposition 4. diagU 6lin
T U .

Proof. By definition, diagU (x) = 1 − Ux(x) = 1 −
U(〈x, x〉) which can be computed in linear time with a sin-
gle query to the oracleU .

Proposition 5. If B is closed under6lin
T , thenB 6999◦ B.

Proof. If we hadB
U

999◦ B, then by proposition 4 and the
fact thatB is closed under6lin

T we would havediagU ∈ B,
contradicting proposition 1.



We now present two results, the second one due to
Kozen, which we will need in the next section to analyze
separations by strong and weak diagonalization.

Let E be the empty language (i.e.,∀n(E(n) = 0)) and
F be its complement (i.e.,∀n(F (n) = 1)). Notice that
E 9( {E} andF 9( {F} and that{E} and {F} are
closed under6lin

m .

Theorem 6. If B is a set of computable languages closed
under6lin

m andB 6= {E} andB 6= {F}, thenB 6999◦ B.

This shows thatB 6999◦ B even whenB is not closed
under complements. The proof technique comes from [9]
and is interesting because it shows that there are separations
such as the nondeterministic time hierarchy theorems in [9]
that seem to be considered to be “by diagonalization” even
though no diagonaldiagU is explicit or even implicit in the
proof.

Proof. Assume to get a contradiction thatB
U

999◦ B, soU
is computable by some Turing machineM . Defineg by

g(〈e, x〉) =


u1 if M(〈e, 0〉) = 0 in |x|

steps or less
u0 if M(〈e, 0〉) = 1 in |x|

steps or less
〈e, x′〉 otherwise

wherex′ is x extended by appending a zero (so|x′| =
|x| + 1) and whereu0 and u1 are two constants so that
U(u0) = 0 and U(u1) = 1 (u0 and u1 exist because
B 6= {E}, {F}). Notice thatg(z) can be computed in linear
time since our pairing function〈, 〉 and the corresponding
projections (described in an earlier section) are computable
in linear time.

Now setL = U ◦g soL 6lin
m U . SinceB is closed under

6lin
m andU ∈ B, we must haveL ∈ B and

L(〈e, x〉) =

 1− Ue(〈e, 0〉) if M(〈e, 0〉) = y in
|x| steps or less

Ue(〈e, x′〉) otherwise.

SinceL ∈ B, we must haveL = Ue for somee and there-
fore

L(〈e, x〉) =

 1− L(〈e, 0〉) if M(〈e, 0〉) = y in
|x| steps or less

L(〈e, x′〉) otherwise.

We definex(s) to be x extended by appendings zeros.
By our correspondence of strings and numbers, 0 denotes
the empty string and so0(s) denotes a string ofs zeros.
M(〈e, 0〉) must halt, so say it halts ins steps. Then we have
the following contradiction

L(〈e, 0〉) = L(〈e, 0′〉) = . . . = L(〈e, 0(s)〉) = 1−L(〈e, 0〉),

which shows thatB 6999◦ B.

A setB of languages is closed under finite variations iff
(∀B ∈ B)(A =∗ B ∈ B =⇒ A ∈ B) whereA =∗ B
means thatA andB differ on at most finitely many posi-
tions.

Theorem 7 (Kozen). If B is closed under finite variations
and there isV so thatV 9( B, then, for everyL 6∈ B,
there isU computable inV andL so thatU 9( B and
L = diagU .

Proof. We constructU in stages, one row at a time. Start
with J0 := N. At stagee, setUe := Vj andJe := Je−1 −
{j}wherej is the smallest index inJe−1 satisfyingVj(e) =
1−L(e). SinceB is closed under finite variations andV 9(
B, at every stagee there is suchj. Conversely, for everyj,
there is some stagee at which we setUe = Vj . Otherwise
there would be a smallestj which would be inJi for all i.
At some stagee, thisj would become the smallest index in
Je and, since it would be never removed, for everye′ > e
we would haveVj(e′) = L(e′). But this would implyL =∗

Vj ∈ B. SinceB is closed under finite variations, we would
haveL ∈ B, contradicting the hypothesis. The construction
givesU 9( B satisfying, for alle, L(e) = 1 − Ue(e) =
diagU (e) as desired and clearlyU is computable inV and
L.

Kozen’s formulation (theorem 6.2 in [7]) is somewhat
different and in particular refers to computableV andL, in
which caseV is computable.

This result shows that ifB is closed under finite varia-
tions, then any languageL 6∈ B is the diagonal of some
universal language forB. That is,anyproof thatL 6∈ B can
be recast as adiagonalizationproof thatL 6∈ B. Notice that
the proof thatU is a universal language forB requiresthe
proof thatL 6∈ B inside of it and so it does not yield a new
proof ofL 6∈ B independent of the original one.

3. Diagonalization and separation

In general, it is clear how to use diagonalization to estab-
lish non-membership, but for a constructive separation we
need a little more:

• a definition of a languageL,

• a proof ofL 6∈ B, and

• a proof ofL ∈ A.

We call suchL a separating languagefor B 6= A. Given
U 999◦ B, clearlyL := diagU satisfies the first two require-
ments. Theorem 6 shows that ifB is a class of computable
languages closed under6lin

m , thenL := U also satisfies the
first two requirements.

Regarding the last requirement, if we setL := diagU ,
the least we can ask for is a proof thatdiagU ∈ A. We can



also ask for more: a proof thatU ∈ A, which under some
closure conditions onA (for example, closure under6lin

T )
yieldsdiagU ∈ A.

These considerations lead us to the following two def-
initions. A separation by weak diagonalizationof A and
B (implicitly used in Kozen’s interpretation of his results)
requires:

1. a definition ofU ,

2. a proof thatU 999◦ B, and

3. a proof thatdiagU ∈ A.

These conditions implyA 6= B by proposition 1. Asepa-
ration by strong diagonalizationof A andB requires:

1. a definition ofU ,

2. a proof thatU 999◦ B,

3. a proof thatU ∈ A, and

4. a proof that (a)A is closed under6lin
T or (b)B is closed

under6lin
m .

By proposition 4, 4a impliesdiagU ∈ A. By theorem 6, 4b
impliesB 6999◦ B (soU 6∈ B) and therefore both 4a and 4b
imply A 6= B. 1

If we limit ourselves to the case whereB is closed under
6lin

m , then using theorem 7, we have thatA andB can be
separated by weak or strong diagonalization iff there is a
definition of a separating languageL and proofof any kind
thatL ∈ A−B where

• for weak diagonalization,L is arbitrary, and

• for strong diagonalization,L 999◦ B.

This explains the use of the name “weak” and “strong”
and shows that separation by strong diagonalization implies
separation by weak diagonalization. These two definitions
seem to provide two natural extremes to any definition of
“separation by direct diagonalization.”

WhenA andB are given to us to separate (rather than
constructed by us), it is hard to see how we can show that
diagU ∈ A other than by proving first thatU ∈ A, un-
less we simply “retrofit”U to get a specificdiagU (the-
orem 7 shows this can be done), once we have proved
L := diagU ∈ A − B using any kind of proof method.
This is in marked contrast to the situation where we con-
struct classes which we then show to be distinct. In such a
case, we may haveU much harder to compute thandiagU .

1If you do not consider the proof of theorem 6 to be “by diagonaliza-
tion” you may prefer the more conservative definition which instead of 4b
requires (4b’)B is closed under6lin

T . The proof of theorem 6 goes be-
yond the framework outlined in the previous section, but we include condi-
tion 4b because that proof seems to fit within what is in practice considered
to be diagonalization.

If P 6= NP, then using Ladner’s delayed diagonalization
we can build languagesA andB in NP which are Turing-
incomparable and are neither inP nor NP-complete and so
PA andPB are distinct. Here some kind of “diagonaliza-
tion” is used to showA andB satisfy the properties men-
tioned above, but note thatA andB are constructed during
the process. Since we havePA 6⊆ PB andPB 6⊆ PA, strong
diagonalization can’t separatePA from PB , but weak diag-
onalization can. (Using theorem 7 we can getU 9( PA

andV 9( PB such thatA = diagV andB = diagU .)
It easily follows from the definition that if several classes
A1,A2, . . . ,Ak can’t be separated from another classB by
strong diagonalization, then the unionA1 ∪ A2 ∪ . . . ∪ Ak

can’t be so separated fromB, since none ofA1,A2, . . . ,Ak

contain a weak universal language forB. ThereforePB

can’t be separated fromPA∪PB by strong diagonalization,
even thoughPB ( PA ∪ PB . This provides an example of
two classes, one a subset of the other, which can’t be sepa-
rated by strong diagonalization. Since these classes can be
separated by weak diagonalization, the two notions (strong
and weak) are different.

Furthermore, theorem 10 (in the next section) shows that
for any languagesB andL with B <P

T L, there is a lan-
guageA such thatB <P

T A 6P
T L andPA 6999◦ PB . That

is,PA andPB can’t be separated by strong diagonalization,
even thoughPB ( PA.

Note that theorem 10 includes the case whereB = 0 and
L is such thatSAT 6P

T L. Hence there is anA 6∈ P such
thatNP ⊆ PL, PA ⊆ PL, andPA 6999◦ P. If, moreover,
we hadSAT 6P

T A, we could deduceNP 6999◦ P , i.e., NP
would not be separable from P by strong diagonalization.

The space and time hierarchy theorems are separations
by strong diagonalization.

Proposition 8. If f, g are space-constructible,log 6 f ,
andf ∈ o(g), thenSPACE[g] 9( SPACE[f ].

Proof. (outline) We know we can simulate Turing machine
e on inputx limited to spacef(|x|), including detection
of an infinite loop with only a linear loss of space effi-
ciency. We computeU〈i,j〉(x) as follows. We simulate
φi(x) limited to spacef(|x|) using at mostg(|〈i, j, x〉|)
space. If the computation succeeds, we return its value;
otherwise we return 0. Sincef ∈ o(g), for every i and
j one of two things can happen: (a) the simulation suc-
ceeds for allx, in which caseU〈i,j〉 ∈ SPACE[f ], or
(b) the simulation runs out of space for finitely manyx,
in which caseU〈i,j〉 is a finite variation of a language in
SPACE[f ] and so it is inSPACE[f ]. On the other hand,
for everyi, there is aj so that (a) above happens and there-
fore U 9( SPACE[f ]. Since we limit the space used in
the simulation byg, we haveU ∈ SPACE[g]. We are using
the space-constructibility off andg to efficiently limit the
computations to spacef andg and the fact thatg > log to



detect infinite loops and (together withf ∈ o(g)) to ensure
that for any value ofc andd there is somej such that

∀i, x(c · f(|x|) + d 6 g(|〈i, j, x〉|)).

Proposition 9. If f, g are time-constructible andf ∈
o(g/ log g), thenTIME[g] 9( TIME[f ].

Proof. (outline) We know we can simulate Turing machine
e on inputx limited to timef(|x|), in timef(|x|) log(|x|).
We computeU〈i,j〉(x) as follows. We simulateφi(x) lim-
ited to timef(|x|) using at mostg(|〈i, j, x〉|) time. If the
computation succeeds, we return its value; otherwise we re-
turn 0. Sincef ∈ o(g/ log g), for every i and j one of
two things can happen: (a) the simulation succeeds for all
x, in which caseU〈i,j〉 ∈ TIME[f ], or (b) the simulation
runs out of time for finitely manyx, in which caseU〈i,j〉
is a finite variation of a language inTIME[f ] and so it is
in TIME[f ]. On the other hand, for everyi, there is aj
so that (a) above happens and thereforeU 9( TIME[f ].
Since we limit the time used in the simulation byg, we have
U ∈ TIME[g]. We are using the time-constructibility off
andg to efficiently limit the computations to timef andg.
Sincef ∈ o(g/ log g) and sog > log we have that for any
value ofc andd there is somej so that

∀i, x(c · f(|x|) log(|x|) + d 6 g(|〈i, j, x〉|)).

As a consequence we have

• EXP 9( P,

• EXPSPACE 9( PSPACE, and

• PSPACE 9( NLOGSPACE.

All these results relativize.
Next we consider, as an example, a separation

which is an easy consequence of the space hierarchy
theorem. Its proof uses strong diagonalization and
some additional logic. Since we know from above
that PSPACE 9( LINSPACE, we can deduce that
PLINSPACE = PSPACE 6= LINSPACE. That is,
LINSPACE is not closed under6P

T , in contrast toP and
thereforeLINSPACE 6= P.

Since we know thatEXP 9( P, if we could show
NP 6999◦ P we would be able to deduceNP 6= EXP. This
not only shows that provingNP 6999◦ P is hard, but also
suggests a formalization of two very related kinds of sepa-
ration by indirect diagonalization (for lack of better name,
we simply call them “indirect A” and “indirect B”:A 6= B

if there is aC, closed under6lin
m , so that either

1. A 999◦ C butB 6999◦ C (indirect A) or

2. C 6999◦ A butC 999◦ B (indirect B)

We callC aseparating class. Notice that we allow arbitrary
methods to proveB 6999◦ C or to proveC 6999◦ A. If we
allowed arbitrary classesC, then separation by weak diago-
nalization would fall under indirect B diagonalization. That
is, if we had

1. a proof thatU 999◦ B and

2. a proof thatdiagU ∈ A,

we could simply setC = {U}. Then the first item would
imply C 999◦ B and the second item (together with propo-
sition 1) would implyC 6999◦ A.

In theorem 13 we show that ifU 999◦ PB , then

∃V (B 6P
m V 6P

m U and PU 6999◦ PV 6999◦ PB).

This shows that separations by indirect diagonalization are
more powerful than separations by strong diagonalization,
even when the separating class is closed under6P

T . That is,
takeA = PU andB = PV andC = PB with U 9( PB ;
then

A 6999◦ B 6999◦ C and A 9( C.

Similarly, takeC = PU andA = PV andB = PB with
U 9( PB ; then

C 6999◦ A 6999◦ B and C 9( B.

That is,A andB can’t be separated by strong diagonaliza-
tion, but can be separated by indirect diagonalization A or
B.

4. Structural results

The following three theorems give structural results for
universal languages of a fixed, arbitrary class of languages
PB .

Theorem 10. For all B andL,

B <P
T L =⇒ ∃A(B <P

T A 6P
T L and PA 6999◦ PB)

and

B <P
m L =⇒ ∃A(B <P

m A 6P
m L and PA 6999◦ PB).

Proof. We prove the first statement. The proof of the sec-
ond statement is similar. We use Ladner’s delayed diago-
nalization technique (see [8] and [2]) to construct a setA
which meets a certain list of requirements{Rk: k ∈ N}.
We will have a functionρ which, for every stages, will
give the numberρ(s) of the requirement that we will try to



satisfy at stages. We will use the length of the inputz to
indicate the stage; i.e.,s = |z|. ρ will be increasing, but
will usually grow very, very slowly.

To ensure thatA 66P
T B, we shall satisfy the following

requirements for alle:

R〈e,0〉: ∃x(A(x) 6= ψB
e;e(x)).

To satisfy requirementR〈e,0〉, we use the fact thatL 6∈ PB .
At stages = |z|, when we want meet requirementR〈e,0〉,
we setA(z) = L(z). We keep trying to meet requirement
R〈e,0〉 at every stage|z′| = s′ > s by settingA(z′) =
L(z′) until we findA(z′) = L(z′) 6= ψB

e;e(z
′). We must

eventually find such az′ since otherwise we would have
L =∗ A =∗ ψB

e;e, contradictingL 6∈ PB .
To ensure thatPA 6999◦ PB we shall satisfy the follow-

ing requirements for alle andi:

R〈e,i+1〉: ∃x(Le(x) 6= ψA
e;e(〈i, x〉)).

To satisfy requirementR〈e,i+1〉, we use the languageLe =

diagV with TIMEB
[
ne+1

] V
9( TIMEB [ne] given by

the time hierarchy theorem, which we compute as we pro-
ceed. At stages = |z|, when we want to meet requirement
R〈e,i+1〉, we setA(z) = B(z). We keep trying to meet
requirementR〈e,i+1〉 at every stage|z′| = s′ > s by set-
ting A(z′) = B(z′) until we find z′ such thatLe(z′) 6=
ψA

e;e(z
′). Suchz′ must eventually appear since otherwise

we would haveA =∗ B andLe =∗ ψA
e;e,contradicting

Le 6∈ TIMEB [ne].
To ensureB 6P

T A 6P
T L we use Ladner’s delayed di-

agonalization technique as follows. We define a functionρ
satisfying the following conditions.

1. If x < y, thenρ(x) 6 ρ(y).

2. If x+ 1 = y, thenρ(x) + 1 > ρ(y).

3. ρ(0) = 0.

4. ρ(s) is computable in timeO(s).

We computeρ(s) as follows:

• Fors steps, computeρ(0), ρ(1), ρ(2), . . ..
Sayρ(s′) = r (with s′ < s) is the last value for which
this computation can be completed.

• Fors steps try to satisfy requirementRr.

• Setρ(s) :=
{
r + 1 if Rr has been satisfied
r otherwise.

Thusρ determines, within the given time limit, which re-
quirement we were last trying to satisfy and then determines
whether that requirement has been satisfied. While we try
to satisfy requirementRr in the computation ofρ(s), we

may need to computeρ(w) recursively and we handle this
as follows. If we need the valueρ(w) for w > s, we simply
abort that computation and setρ(s) = r. If we need the
valueρ(w) for w < s, we go ahead and compute it.

Usingρ we defineA as follows:

A(z) :=
{
L(z) if π2(ρ(|z|)) = 0
B(z) otherwise.

Then we haveA 6P
m L⊕B by h given by

h(z) :=
{

2z if π2(ρ(|z|)) = 0
2z + 1 otherwise.

That is, ifπ2(ρ(|z|)) = 0, we haveA(z) = L(z) = (L ⊕
B)(2z) and if π2(ρ(|z|)) 6= 0, we haveA(z) = B(z) =
(L⊕B)(2z + 1). SinceB 6P

T L, we getA 6P
T L.

FurthermoreB 6P
T A since ifπ2(ρ(|z|)) 6= 0, thenB(z)

is equal toA(z) and otherwiseB(z) can be computed from
A(z) = L(z) becauseB 6P

T L.
Since we attempt to satisfy requirements in sequence, if

there is an unsatisfied requirementRr, we would haveρ
eventually constant with valuer, and we have shown above
that this leads to a contradiction.

Theorem 11. If U 9( PB andW <P
T U , then

∃V (W <P
T V <P

T U)(V 9( PB).

Proof. By Ladner’s density theorem, we know there is a
languageL such thatW <P

T L <P
T U . We build V in

stages, row by row, using Ladner’s delayed diagonalization
to getV 6P

m U . We set

Vj(x) :=

Uρ(|j|)/2(x) if ρ(|j|) is even
L(bρ(|j|)/2c) if ρ(|j|) is odd andx = 0
0 if ρ(|j|) is odd and0 < x

whereρ is as in the proof of theorem 10.
To ensureV 999◦ PB we shall satisfy the following re-

quirements for alle:

R2e: ∃j(Vj = Ue).

At stages when we want to meet requirementR2e, we look
for somes′ < s with ρ(s′) = ρ(s) = 2e. If there is suchs′,
then we haveVj = Ue for all j for which |j| = s′, satisfying
the requirement. There must be somes large enough to give
us enough time to finds′ < s as desired.

To ensureU 66P
T V we shall satisfy the following re-

quirements for alle:

R2e+1: ∃z(U(z) 6= ψV
e;e(z)).

At stages when we want to meet requirementR2e+1 (i.e.,
whenρ(s) = 2e + 1), we search forz satisfyingU(z) 6=



ψV
e;e(z). We must find some suchz at some stages′ > s

since otherwise we would haveρ eventually constant with
value2e + 1 and thenV would index only finitely many
languages ofPB and we would haveV 6P

T B. So if we had
U 6P

T V , we would haveU ∈ PB contradictingU 9( PB

by proposition 5.
Since every row we add toV is either a finite variation

of the empty language or a language inPB , if we meet all
requirements, we getV 9( PB . We can recoverL from the
first position of the odd rows ofV : L(j) := Vbρ(|j|)/2c(0)
and so we haveW <P

T L 6P
m V , which givesW <P

T

V .

Notice it is not essential to haveB = PB in the proof;
it is enough to haveB closed under6lin

m and a computable
W 9( B. It is not clear whether there are infinite descend-
ing chains of weak universal languages, since ifU 999◦ PB

it may be, for example, thatUe = U for somee or that
Ue is a language of high complexity, and there seems to be
no easy way of detecting this. Notice that we have used
the fact thatU 9( PB in the proof only to conclude that
U 66P

T U1⊕U2⊕ . . .⊕Uk for anyk and therefore the same
proof gives the following corresponding theorem for weak
universal languages.

Theorem 12. If U 999◦ PB andW <P
T U andU is such

that for anyk, U 66P
T U1 ⊕ U2 ⊕ . . .⊕ Uk, then

∃V (W <P
T V <P

T U)(V 999◦ PB).

Theorem 13. If U 999◦ PB , then ∃V (B 6P
m V 6P

m

U and PU 6999◦ PV 6999◦ PB).

Proof. We buildV in stages, cell by cell (not row by row),
using Ladner’s delayed diagonalization to getV 6P

m U . We
set

V (z) :=
{
U(z) if π1(ρ(|z|)) is even
B(z) if π1(ρ(|z|)) is odd

whereρ is as in the proof of theorem 10.
We use the languagesLB

e := diagWe
andLV

e := diagW ′
e

whereWe andW ′
e satisfy

TIMEB
[
ne+1

] We

9( TIMEB [ne]

and

TIMEV
[
ne+1

] W ′
e

9( TIMEV [ne] .

The existence of such languagesWe andW ′
e follows from

the time hierarchy theorem. We will useLV
e to witness

ψU
e;e 6999◦ PV andLB

e to witnessψV
e;e 6999◦ PB .

To ensurePU 6999◦ PV , we satisfy the requirements

R〈2e,i〉: ∃x(LV
e (x) 6= ψU

e;e(〈i, x〉)).

At stages = |z| when we want to meet requirementR〈2e,i〉
(i.e., whenρ(s) = 〈2e, i〉), we setV (z) = U(z). There

must be somez for which we satisfy the requirement, since
otherwise we would haveV =∗ U andLV

e =∗ ψU
e;e(〈i, •〉)

contradictingLV
e 6∈ TIMEV [ne].

To ensurePV 6999◦ PB we satisfy the requirements

R〈2e+1,i〉: ∃x(LB
e (x) 6= ψV

e;e(〈i, x〉)).

At stage s = |z| when we want to meet requirement
R〈2e+1,i〉 (i.e., whenρ(s) = 〈2e + 1, i〉), we setV (z) =
B(z). There must be somez for which we satisfy the re-
quirement, since otherwise we would haveV =∗ B and
LB

e =∗ ψV
e;e(〈i, •〉) contradictingLB

e 6∈ TIMEB [ne].

Theorem 13 shows that69( is “strongly” non-transitive.
In particular, the binary relation onA×B defined byA 69(
B 69( A is not an equivalence relation and so we can not
define equivalence classes of languages for which9( gives
a partial order.

By definition, ifU 9( B, thenU 999◦ B. On the other
hand, we have

Theorem 14. For everyL, there isBL ⊆ TIME[n] closed

under finite variations so that there isP
U

999◦ BL, but for
anyV 9( BL, L is Σ0

2 in V .

Proof. Set

Zk(n) :=
{

1 if k divides n
0 otherwise

andB′
L := {Zk: L(k) = 1}. TakeBL to be the closure

under finite variations ofB′
L. ThenU ′ given byU ′

e(n) :=
Ze(n) is a weak universal language ofB′

L and so a weak
pseudouniversal language forBL. Proposition 16 (below)
shows that there isU 6lin

m U ′ so thatU 999◦ BL. Since all
we need to do to computeU ′

e(n) is test whethere dividesn,
we haveU ∈ P. On the other hand, givenV 9( BL, we
havek ∈ L iff Zk ∈ B′

L iff

∃e,m(∀n > m)(Ve(n) = 1 ⇐⇒ k divides n).

If we takeL 6∈ Σ0
2, thenBL has a weak universal lan-

guage in P, but no recursive universal language.
To summarize, our results tell us the following for uni-

versal languages of a fixed arbitrary classPB .

1. There are universal languages of arbitrarily high com-
plexity (theorem 7).

2. Below them, there are dense chains of universal lan-
guages (under6P

T ) (theorem 11).

3. None of these chains come arbitrarily close toPB . In-
stead, there is a strict superset ofPB which has no uni-
versal languages (theorem 10).



4. Furthermore, no matter how high the complexity of a
universal languageU , we can find a supersetPV of PB

so thatPU 6999◦ PV 6999◦ PB .

We have the same results for weak universal languages, ex-
cept for item 2 (but see theorem??). Finally, theorem 14
shows that there are classes of languages which have weak
universal languages of low complexity, but no universal lan-
guages below any arbitrarily high fixed complexity.

5. Variants of universal languages

We have seen thatU 999◦ B impliesdiagU 6∈ B. It is
natural to ask how much further we can weakenU and still
getdiagU 6∈ B, and how such weaker notions relate to one
another.

A languageU has padding iff for alle the set{i: Ue =
Ui} is infinite. It is computationally very easy to obtain a
universal languageV with padding from an arbitrary uni-
versal languageU : defineVe = Uπ1(e). This givesV with
padding andV 6lin

m U .

Proposition 15. If U 999◦ B and U has padding, then
∀e(diagU 6=∗ Ue).

Proof. By definition ofdiagU , we have

∀i(diagU (i) 6= Ui(i))

and so

{i: Ui = Ue} ⊆ {i: Ui(i) = Ue(i)}
= {i: diagU (i) 6= Ue(i)}

SinceU has padding, the set on the left is infinite and so the
one on the right is infinite too, that isdiagU 6=∗ Ue.

Therefore, whenU has padding, we can require less than
a weak universal language in order to getdiagU 6∈ B.
WhenU has padding, it is enough to haveU give, for ev-
ery languageB in B, one rowUe that is almost equal to it
(Ue =∗ B). Accordingly, we say thatU is a weak pseu-
douniversal languagefor B iff it satisfies

(∀B ∈ B)∃e(Ue =∗ B).

Similarly, we say thatU is apseudouniversal languagefor
B if it also satisfies

∀e(∃B ∈ B)(Ue =∗ B).

It is easy to get (weak) universal languages from (weak)
pseudouniversal languages, as the following two proposi-
tions show.

Let E be the empty language (i.e.,∀n(E(n) = 0)) and
F be its complement (i.e.,∀n(F (n) = 1)).

Proposition 16. If U is a weak pseudouniversal language
for B andB 6= {E} andB 6= {F}, then there isV 999◦ B

with V 6lin
m U .

Proof. DefineV 999◦ B by

V〈e,σ̂〉(x) =
{
σ(x) if x < |σ|
Ue(x) otherwise

(remember that̂σ is the number associated with the string
σ). We let Vj be all zeros if there are noe, σ̂ so that
j = 〈e, σ̂〉. That is,V is obtained fromU as follows. Ev-
ery rowUe appears infinitely often inV asV〈e,0̂〉, V〈e,1̂〉,
V〈e,0̂0〉, V〈e,0̂1〉, ..., except that its initial portion is replaced
by the strings0, 1, 00, 01, and so on. This ensures thatV
indexes all finite variations ofUe and therefore we have
V 999◦ B′ whereB′ is the closure ofB under finite varia-
tions. SinceB 6= {E}, {F} there are constantsu0 andu1

such thatU(u0) = 0 andU(u1) = 1. The functiong given
by

g(〈e, σ̂, x〉) :=
{
uσ(x) if x < |σ|
〈e, x〉 otherwise

witnessesV 6lin
m U .

This proof also shows the following.

Proposition 17. If U is a pseudouniversal language forB

andB is closed under finite variations, then there isV 9(
B with V 6lin

m U .

6. Relativization and strong diagonalization

In this section, we consider the problem of whether our
notion of separation by strong diagonalization relativizes.
The following propositions provide evidence that separa-
tions by strong diagonalization do not relativize.

Proposition 18. There is a computable oracleA so that
NPA 9( PA.

Proof. There is a computable oracleA so thatEXPA =
NPA [5] (see also [3]) and we know thatEXPA 9( PA

(by the time hierarchy theorem).

Proposition 19. There is a computable oracleB so that
NPB 6999◦ PB .

Proof. TakeB a PSPACE-complete language. Then

NPB ⊆ PSPACEB ⊆ PSPACE ⊆ PB ⊆ NPB

and therefore, by proposition 5 we haveNPB = PB 6999◦
PB .



The two propositions above show that it can’t be estab-
lished whetherNP 999◦ P or not using techniques that rel-
ativize. Also, while we do not know whetherNP 999◦ P
or not, one of the two, existence or nonexistence of a weak
universal language for P in NP, doesn’t relativize.

Proposition 20. There are computable languagesA andC
such thatNPA 9( PA, yetNPA⊕C = PA⊕C and therefore
NPA⊕C 6999◦ PA⊕C .

Proof. TakeA as in theorem 18 andC to be aPSPACEA-
complete language. ThenNPA 9( PA by theorem 18 and

PA⊕C ⊆ NPA⊕C ⊆ PSPACEA⊕C = PC ⊆ PA⊕C .

If you accept the definition of(PA)C to bePA⊕C and
that of(NPA)C to beNPA⊕C , then theorem 20 shows that
separations by strong diagonalization do not relativize.

7. Conclusion

“Separation by direct diagonalization” is not clearly de-
fined, but there are two natural bounds on what such a def-
inition might be. Kozen showed that separation by weak
diagonalization is essentially equivalent to constructive sep-
aration. We showed that separation by strong diagonaliza-
tion, which includes the time and space hierarchy theorems,
is a more restrictive notion and that there are classes of lan-
guages it can not separate. We have shown evidence that
strong diagonalization doesn’t relativize.

Turning to universal languages, we have shown that, for
a fixed arbitrary class of languagesPB , there are universal
languages of arbitrarily high complexity, there are dense de-
scending chains under every strict universal language, and
there is a non-trivial lower bound to every descending chain
of universal languages. We have shown that apparent weak-
enings of the notion of universal language suitable for diag-
onalization are, in fact, not much weaker.

We have shown that a universal language can be used
as a separating language when we have closure under
linear-time many-one reducibility. Finally, we have shown
that two kinds of indirect diagonalization, A and B, are
stronger than strong diagonalization even limited to sepa-
rating classes closed under6P

T .
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