
Data Exchange: Computing Cores in Polynomial Time

Georg Gottlob∗

Oxford University
georg.gottlob@comlab.ox.ac.uk

Alan Nash†

University of California, San Diego
anash@cs.ucsd.edu

ABSTRACT
Data exchange deals with inserting data from one database into an-
other database having a different schema. We study and solvea
central computational problem of data exchange, namely, comput-
ing the core of a universal solution to a data exchange problem.
Fagin, Kolaitis, and Popa [9], have shown that among the univer-
sal solutions of a solvable data exchange problem, there exists a
most compact one (up to isomorphism), “the core” (of any univer-
sal solution), and have convincingly argued that this core should
be the solution of choice. They stated as an important open prob-
lem whether the core of a universal solution can be computed in
polynomial time in the general setting where the source-to-target
constraints are arbitrary tuple generating dependencies (TGDs) and
the target constraints consist of equation generating dependencies
(EGDs) and weakly-acyclic TGDs. In this paper we solve this prob-
lem by developing new efficient methods for computing the core of
a universal solution. This positive result shows that the core ap-
proach of Fagin, Kolaitis, and Popa is feasible and applicable in a
very general setting and thus provides a further momentum tothe
use of cores in data exchange.

1. INTRODUCTION
Data exchange research.Data exchange research is an impor-

tant area of database theory that aims at understanding and develop-
ing foundations, methods, and algorithms for transferringdata be-
tween differently structured databases. While data integration usu-
ally deals with query translation and with query processingamong
multiple databases, data exchange aims atmaterializinga target
database stemming from some source databases. Clearly, once
transferred to the target database, the data can be queried accord-
ing to the target schema. While data exchange has been recognized
as an important problem for several decades, systematic research
on foundational and algorithmic issues of this problem has started
only a few years ago with the fundamental work of Fagin, Kolaitis,
Miller, and Popa [8].
∗Research supported by REWERSE - a research ”Network of Ex-
cellence” EU project reference number 506779.
†Research partly supported by the Wolfgang Pauli Institute.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage, and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
PODS’06,June 26–28, 2006, Chicago, Illinois, USA.
Copyright 2006 ACM 1-59593-062-0/06/06 . . .$5.00.

The basic data exchange problem.The basic and most fun-
damental data exchange problem for relational databases was for-
mally defined by Fagin et al. [8]. Given a source database schema
σ, a target database schemaτ , a source database instanceS, and a
set of constraintsΣ, find a target database instanceT such thatS
andT satisfy all constraints inΣ, denoted by(S, T ) |= Σ. As in [8,
9], we restrict our attention to the following types of constraints:

Tuple generating dependencies (TGDs)which are first order sen-
tences of the form∀ū (φ(ū) → ∃v̄ ψ(ū, v̄), whereφ andψ
are conjunctions of atoms and̄u and v̄ are lists of variables
and where the variables in̄u all appear inφ. If v̄ is empty,
then we speak about afull TGD.

Equality generating dependencies (EGDs)which are first order
sentences of the form∀ū (φ(ū) → v = w), whereφ is a
conjunction of atoms,̄u is a list of variables, andv andw are
single variables from the list̄u.

We will usually omit the universal quantifiers when writing aTGD
or EGD.

Source-to-target constraints are those where the premiseφ(ū)
contains atoms whose predicate symbols are relation names of the
source signatureσ only and where the conclusionψ(ū, v̄) is made
of atoms whose predicate symbols are relation names of the target
signatureτ only. All atoms occurring in target constraints refer to
the target signature only.

We consider the case where the setΣ = Σst ∪ Σt of constraints
consists of source-to-target constraintsΣst encoding conditions on
the mapping between source and target data, and the target con-
straintsΣt which express data dependencies on the target database.

This setting allows us to formulate a very large class of con-
straints. For example, let a source database contains a relation

student(STUDNAME,BIRTHDATE,SSN,ZIPCODE)

and let the target database contains two relations

person(NAME,BORN,SSN,ZIPCODE,PHONE)

zc(ZIPCODE, STATE)

then a typical source-to-target constraint would be

st1 : student(u1, u2, u3, u4) → ∃v person(u1, u2, u3, u4, v),

while the target constraints could be

t1 : person(u1, u2, u3, u4, u5) → ∃v zc(u5, v)
t2 : zc(u, v) ∧ zc(u, w) → v = w.



Herest1 andt1 are inclusion dependencies, andt2 is a functional
dependency. Note thatt1 and t2 together express a foreign key
constraint. It is easy to see that, in addition to functional, inclusion
dependencies, and foreign key constraints, also multivalued depen-
dencies and even join dependencies can be expressed by formulas
in our setting. Thus, this setting is very general and encompasses
all major dependencies used in database design and for database
maintenance.

The problem is to check whether a target instanceT exists, and
if so, to compute one. We allowlabeled null valuesin form of
variables to appear in target instances. Intuitively, theycan be used
as placeholders for unknown values. For example, a tuple

〈Doe, 19880203, 1234567, 94305〉

of thestudentsource relation could be translated into a tuple

〈Doe, 19880203, 1234567, 94305, x1〉

of the personrelation, wherex1 is a variable representing a null
value. For further, more detailed examples, see [8, 10].

Homomorphisms, Universal solutions and Cores.A universal
solutionof a data exchange problem is a target instanceT which
is more general than other solutions, i.e., such that for each other
solutionT ′ there exists a homomorphismT → T ′. Fagin, Ko-
laitis, Miller, and Popa [8] have shown that universal solutions of
data exchange problems can be obtained via the well knownchase
procedure [3, 2, 15]. One first chases the setS with the source-to-
target TGDsΣst and obtains in polynomial time an initial target in-
stanceT = SΣst . Then one chasesT with the target constraintsΣt

to obtain a universal solutionTΣt whenever this chase terminates.
In order to guarantee termination, Fagin et al [8, 9] restrict them-
selves to target TGDs which areweakly acyclic. Weak acyclicity
is a syntactic condition on TGDs ensuring that there are no cyclic
dependencies among argument positions involving existential con-
straints (see Section 4 for a precise definition). Weak acyclicity [5,
8] has been so far the most general known sufficient conditionfor
termination of the chase. Fagin and his colleagues [8] have shown
that universal solutions are very useful for query answering. In
particular, any universal solution can be used to obtain thecertain
answers tuplesto a conjunctive query over the target schema, i.e.,
those answer tuples that are contained inall solutions of the data
exchange problem.

There can be several universal solutions to a data exchange prob-
lem and these solutions can noticeably differ in size. However, as
observed in [9], there is – up to isomorphism – one particularuni-
versal solution, calledthe core(of any universal solution), which
is the most compact one. More specifically, the core of a universal
solutionU is (up to isomorphism) the smallest subsetV of U such
thatV is homomorphically equivalent toU . Fagin, Kolaitis, and
Popa [9] argue that the core of a data exchange problem shouldbe
the solution of choice.

Main research question tackled. Computing the core of an ar-
bitrary instance is, however, NP-hard, as this is equivalent to com-
puting the core of a graph [13, 9], computing the smallest equiva-
lent subquery contained in a conjunctive query [4], or computing
the condensation of a clause [11]. Therefore, Fagin et al. [9] won-
dered, whether the core of a universal solution of a data exchange
problem whose target TGDs are weakly acyclic can be efficiently
computed.

Problem [9]: Given a data exchange problem whose
source-to-target constraints are TGDs and whose tar-
get constraints consist of weakly-acyclic TGDs and ar-

bitrary EGDs, can the core of a universal solution be
computed in polynomial time?

This is precisely the problem we tackle in this paper. While there
has been some progress and partial answers, the problem remained
open for about three years. It was also mentioned as an important
open Problem in Kolaitis’ invited PODS’05 talk and paperSchema
Mappings, Data Exchange, and Metadata Management[14]. The
main result of the present paper is the following positive answer to
this question.

Theorem 10.The core of a universal solution of a data
exchange problem whose source-to-target constraints
are TGDs and whose target constraints consist of weakly-
acyclic TGDs and arbitrary EGDs can be computed in
polynomial time.

The proposed solution to the problem is technically rather in-
volved. It led us to several insights and results that may be of more
general interest, even outside the context of data exchange.

Before giving an informal outline of our new methods in Sec-
tion 3, we first report in Section 2 on pertinent previous workthat
solved some relevant parts of the problem. Our exposition inthese
two sections is necessarily informal and approximate. These sec-
tions are followed by more technical material. Section 4 contains
technical preliminaries and precise definitions. In Section 5, we
derive some properties of retractions. In Section 6 we solvethe
core computation problem for weakly-acyclic TGDs as targetcon-
straints, and in Section 7 we show how to also handle EGDs.

2. PREVIOUS RESULTS
Fagin, Kolaitis, and Popa [9] proved that the core of a univer-

sal solution can be computed in polynomial time in two restricted
settings:

• When the setΣt of target constraints is empty.
• When the setΣt of target constraints contains EGDs only.

They provided two different methods to obtain these results, of
which one is directly relevant to our present work, namely, the
blocks method. This method is based on the observation that the
Gaifman graph of the variables of the resultT of applying the
source-to-target TGDs to a ground source instanceS consists of
connected components whose size is bounded by a constantb. Such
instancesT have a nice property: checking whether there is a ho-
momorphism from anyT ∈ K whereK is any set of instances
with such boundb into any arbitrary other instanceT ′ is feasible in
polynomial time. In fact, this test essentially boils down to check
whether each of these blocks has a homomorphism toT ′. The core
of T can then be obtained by checking whetherT admits an en-
domorphism1 h : T −→ T such that|h(T )| < |T | and if so,
replacingT by h(T ). This process is repeated untilT cannot be
further shrunk via endomorphisms. The result the core.

Fagin et al. then extended this method to the case whereΣt con-
sists of EGDs. The difficulty here is that EGDs, when applied,can
merge blocks by equating variables from different blocks. Thus,
after chasing EGDs overT , the resultTΣt has, in general, lost the
bounded block-size property. However Fagin et al., by an insight-
ful Rigidity Lemma[9] show that after equating a sequence of vari-
ables while enforcing EGDs, the final remaining variable isrigid,
i.e., can be mapped only to itself in every endomorphism. There-
sulting instanceTΣt has thus the bounded block-size property if
we treat such variables as constants.
1i.e., a homomorphism fromT into itself.



In [10] Gottlob has shown that computing cores is tractable if the
target dependenciesΣt consist offull TGDs, i.e., TGDs without
existentially quantified variables, and arbitrary EGDs. Note that a
set of full TGDs is weakly acyclic.

For full TGDs the situation is rather complex. WhileT = SΣst

has bounded block size,TΣt has in general neither bounded block
size nor rigid variables. In fact, whileTΣt contains no additional
variables, different blocks ofT can be merged through the creation
of new atoms. A full TGD of the formr(x, y) ∧ r(z, t) → r(y, t)
may obviously merge blocks. This situation is depicted in figure 1,
where the original blocks ofT are depicted as ovals, and where
some new atoms created via full TGDs are depicted as black boxed.
These atoms may connect previously separate blocks and as a re-
sult, very large blocks may arise. However, it was shown in [9] that

x1 x2

x3 x4

x5 x6

x7 x8

x9 x10

T

TΣt no additional variables

Figure 1: Structure of the target instanceTΣt in caseΣt con-
sists of full TGDs only

for checking whether a universal solutionB ⊆ TΣt is is not yet
the core, it suffices to look for a non-injective mappingh from the
domain ofT to the domain ofB such thath(T ) ⊂ B is a homo-
morphismT −→ B. 2 If such a mapping exists, it can be found
in polynomial time by exploiting the bounded block-size ofT . We
further showed that this mappingh : T −→ B is actually a non-
injective endomorphismTΣt −→ B (recall thatT andTΣt have
the same domains). Moreover,h can be transformed in polynomial
time into a non-injectiveretraction of of TΣt . A retraction is an
idempotent endomorphism. We needed to consider retractions and
not arbitrary endomorphisms, because for a retractionr it holds that
r(TΣt) |= Σt, while this is not always true for endomorphisms in
general (as will be made clear through Example 1 in Section 5).
Starting fromB = TΣt , by successively replacingB with B′ as
described, we eventually reach the core.

This tractability result was then extended in [10] to the setting
whereΣt contains EGDs in addition to full TGDs. This was achie-
ved by a simulation of EGDs through full TGDs. Note that with
full TGDs and EGDs we can express functional, join, and multival-
ued dependencies, but not inclusion dependencies or foreign key
constraints.

Another relevant class of data exchange problems arises when
the setΣt of target constraints is restricted to contain weakly acyclic
simple TGDsand arbitrary EGDs. A simple TGD is one whose left
side consists of a single atom with no repeated variables. In[10]

2In[9], such mappings were called “useful” endomorphisms.

it was shown that for this class of problems, the core can be com-
puted in polynomial time, too. The proof is based on the obser-
vation that chasing with simple TGDs does not change hypertree
width [12]. This class is practically relevant, because it covers as
target constraints the important class of functional dependencies
and acyclic inclusion dependencies, and thus also foreign key con-
straints (as long as they do not destroy weak acyclicity). However
it does not include multivalued or join dependencies. Fagin[7] has
shown tractability for a slightly larger class by completely different
means.

3. OUTLINE OF MAIN NEW IDEAS
In this section, we outline the main ideas underlying our solu-

tion of the core computation problem for the general case, when
the target constraintsΣt may consist of weakly-acyclic TGDs and
arbitrary EGDs. Such constrains encompass all major types of data
dependencies. We will first deal with weakly-acyclic TGDs astar-
get constraints and then show how EGDs can be added.

For weakly-acyclic TGDs the situation is yet more complicated
than for full TGDs. Again, letT denote a target instance ob-
tained by chasing the source instanceS with the source-to-target
constraintsΣst (for an arbitrary chase order). As before,T has
bounded block-size. However, while in the case of full TGDs,T

already containedall variables ofTΣt , now there can be further
variables outsideT and these variables can appear in large (un-
bounded) blocks ofTΣt , see Figure 2. We cannot proceed, as in

y1
y2
y3
y4

TΣt

x1 x2

x3 x4

x5 x6

x7 x8

x9 x10

y5 y6

y7

y8

y9

y10 y11

y12 y13
y14

T

Figure 2: Structure of the target instanceTΣt in caseΣt con-
sists of weakly acyclic TGDs

the case of full TGDs, by trying to find a non-injective homomor-
phismh from T to some intermediate instanceB ⊂ TΣt and hope
that h extends automatically to a non-injective endomorphism of
TΣt → B. In fact, there may not exist any non-injective homo-
morphismT → B, while there may well exist a non-injective
endomorphismh of TΣt → B such thath(TΣt) ⊂ B, where
h(x) = h(y) for two distinct valuesx andy that arenot both in
T . But variables outsideT may appear in large blocks and it is
thus not at all obvious how homomorphisms involving them canbe
found in polynomial time.

Our solution of this problem is based on the following ideas.

Idea 1. For technical reasons, we computenon-injective retrac-
tionsTΣt → B rather than arbitrary (i.e., not necessarily idem-
potent) non-injective endomorphisms. The reason is that ifh is a
retraction, thenh(TΣt) |= Σt (Theorem 4). Note that this isnot



true for arbitrary endomorphisms (see Example 1). In order to find
a non-injective retraction, we can always find a non-injective en-
domorphism ofTΣt first and then transform it in polynomial time
into a suitable retraction (Theorem 5).

If x is a variable ofTΣt that was introduced at some chase step
via an existential TGDξ from Σt, then theparentsof x are all
values occurring in the atoms that madeξ fire and thesiblingsare
all other new variables introduced at the same chase step. The an-
cestors of a variable are defined in the usual way via the transitive
closure of the parent relation.

Idea 2. We observe that each variable ofTΣ has a bounded set of
ancestors and a bounded set of siblings of ancestors. Our idea is to
exploit this fact.

The next idea deals withhow to exploit the bounded set of an-
cestors.

Idea 3. Assume that we have already constructed a retractionh :
TΣt → B ⊆ TΣt and we want to see whetherB can be further
shrunk. This means that we need to see whether two distinct values
x, y ofB can be further “lumped together” by a homomorphismh′

such thath′(x) = h′(y). To this aim, we define, for all pairs of dis-
tinct valuesx, y of B, the sub-instanceTxy ⊂ TΣt which contains
all atoms over the set of values ofT , x y, and their siblings, and
all ancestors ofx andy and the siblings of these ancestors. Given
thatT has bounded block-size and that the number of ancestors and
siblings of each variable is bounded by a constant, these sets Txy

all have bounded block-size. We can then check for eachTxy in
polynomial time whether there is a homomorphismTxy → B such
thatx andy are mapped to the same elementz, see Figure 3.

y

x

h(Txy)

Txy

B

z

TΣt

Figure 3: Improvement of a homomorphism

If this is possible for someTxy, then this homomorphismh can
be extended in polynomial time to an non-injective endomorphism
h : TΣt → B such thath(TΣt) ⊂ B. Then, as explained before,
from such ahwe can compute in polynomial time a retractionh′ of
TΣt such thath′(TΣt) ⊂ h(B) ⊂ B and thusB can be replaced
by a smaller instanceh(B) which also satisfiesΣt. OtherwiseB
is already the core.

In order to establish that each homomorphismTxy → B ⊆ TΣt

mappingx andy to the same element can be extended in polyno-
mial time to to an endomorphismTΣt → B such thath(B) ⊂ B,
we show a slightly stronger result:

Idea 4. We show that whenever a subsetA of TΣt containsT and
is closed under ancestors and siblings, and wheneverB satisfies
Σt, then any homomorphismh : A → B can be extended in poly-
nomial time to an homomorphism fromTΣt → B. (Theorem 7)

These are the four main new ideas we used in order to show that
the core can be computed in polynomial time in caseΣt consists of
TGDs only. To cover, in addition EGDs, we need two further ideas

Idea 5. We simulate EGDs by full TGDs by introducing an ad-
ditional binary relationE which stands for ‘equal’ and by adding
some consistency rules which say that values which are marked as
equal in theE relation are indistinguishable by the other relations
of the target database.

This simulation introduces a big new problem. Adding the new
full TGDs may create new cycles and will in general yield a setof
TGDs which is not weakly acyclic. Therefore, there is a risk that
the chase will not terminate. Here comes our final idea that solves
this problem, too.

Idea 6. We observe that for a particular chase order which can be
statically determined, TGDs with existentially quantifiedvariables
will never fire on premises containing variables whose ancestor-tree
exceeds a certain depth. Thus the chase terminates in polynomial
time, and the crucial bounded-ancestors property is still guaranteed.

This concludes the rather superficial presentation of our main
ideas. In the rest of this paper we will make these ideas more con-
crete and provide the glue for putting them together.

4. TECHNICAL PRELIMINARIES
Basics.A schemaσ is a list of relation symbols and their arities.

An instanceA overσ has one relation for every relation symbol in
σ, of the same arity. We writearity(R) for the arity of a relation
R.

We define the domaindom(A) of an instanceA as the set of
valueswhich appear inA. In this paper, we consider only fi-
nite instances with two types of values: constants and variables.
The latter are also known aslabeled nulls. We writevar(A) for
the variables inA andconst(A) for the constants inA; therefore
dom(A) = var(A)∪const(A). If A contains no variables, we say
it is ground.

We write ā for a tuple (a1, . . . , ar) where the arityr is usually
clear from context. We writea ∈ ā whenevera = ai for some
i satisfying1 ≤ i ≤ r. In some cases, we overload the nota-
tion ā to denote just a list of variablesa1, . . . , ar; which use is
intended should be clear from context. In particular, sometimes we
write ā ∈ X to denotea1, . . . , ar ∈ X which is equivalent to
(a1, . . . , ar) ∈ Xr. This is a useful convention since it is cum-
bersome to write instead̄a ∈ Xr when the arityr of ā has not
been explicitly introduced. Similarly, we writēa 6∈ X to denote
a1, . . . , ar 6∈ X, which is different from(a1, . . . , ar) 6∈ Xr.

TheGaifman graphG(T ) of instanceT is the undirected graph
G with vertex setV G := dom(T ) where there is an edge be-
tweenx, y ∈ dom(T ) iff x andy appear together in some tuple
of some relation ofT . The Gaifman graph of variablesGV (T )
of instanceT is G(T ) restricted to the variables inT . A block
of T is a connected component ofGV (T ). We writeblocks(T )
for the set of all blocks ofT . If v ∈ var(T ) thenblock(v, T )
denotes the block ofT containingv. Let V ⊆ var(T ), then
blocks(V, T ) =

S

v∈V
{block(v, T )}, i.e.,blocks(V, T ) is the set

of all blocks ofT that contain at least one variable fromV . The
block sizeof an instanceT , denoted byblocksize(T ) is the maxi-
mum number of variables appearing in a block ofT . We say that a
set of instancesK hasbounded block sizeif there is a boundb such
that the block size of everyT ∈ K is ≤ b.

We adopt the RAM model for our complexity bounds.
Homomorphisms. A function f : dom(A) → dom(B) is a

homomorphismif wheneverR(ā) holds inA,R(h(ā)) holds inB
and if h(c) = c for every constant inA. We writeA → B in



case there is a homomorphism betweenA andB. If A → B and
B → A, we say thatA andB are homomorphically equivalent,
which we writeA ↔ B. If K is a set of instances, we say thatT

is universalfor K if for all A ∈ K, T → A.
An injective homomorphism whose inverse is also a homomor-

phism.is anisomorphism. A homomorphismh : A → A is anen-
domorphismof A. Since we only consider finite instances, notice
that an endomorphism is surjective iff it is injective. An endomor-
phismr onA is a retraction if r is the identity on its range. That
is, if r is idempotent (r ◦ r = r). If alsor(A) = B ⊆ A, we say
thatB is a retract of A and we writeA →֒ B. If A →֒ B, then
A ↔ B; that is,A andB are homomorphically equivalent sincer
is a homomorphismA → B and the identity is a homomorphism
B → A. A retraction isproper if it is not surjective (which in the
case of finite instances is the same as not injective). An instance is
a core if it has no proper retractions. A coreC of an instanceA is
a retract ofA which is a core. That is,C is a minimal retract ofA.
Cores of an instanceA are unique up to isomorphism and therefore
we can talk aboutthe coreof A, which we denotecore(A). It fol-
lows thatA andB are homomorphically equivalent iff their cores
are isomorphic. In symbols:A↔ B iff core(A) ≈ core(B).

Constraints. In this paper, we only consider constraintsξ of the
form

φ(ū) → ∃v̄ ψ(ū, v̄)

whereφ andψ are conjunctions of atoms, which may include equa-
tions. We adopt the standard convention that all variables which are
not otherwise quantified are universally quantified and we require
that all variables̄u appear inφ. Such constraints are known asem-
bedded (implicational) dependencies[6]. We call φ the premise
andψ theconclusion. If v̄ is empty, thenξ is a full dependency. If
ψ consists only of equations, thenξ is anequality-generating de-
pendency (EGD). If ψ consists only of relational atoms, thenξ is
a tuple-generating dependency (TGD). Every setΣ of embedded
dependencies is equivalent to a set of TGDs and EGDs. We write
A |= Σ if the instanceA satisfies all the constraints inΣ. In this
paper we only considerfinite sets of constraints and to simplify the
presentation we do not say this explicitly in the statement of every
result.

We define thewidth of ξ to be the arity of̄u and theheightof ξ
to be the arity of̄v. For a setΣ of constraints, the width ofΣ is the
maximum width of a constraint inΣ and the height of aΣ is the
maximum height of a constraint inΣ.

Chase: Basics.The chase is a well-known algorithm which pro-
ceeds step by step as follows. AssumeΣ is a set of TGDs and
EGDs. We setAΣ

0 = A. To obtainAΣ
s+1 from AΣ

s we proceed as
follows. If there is some constraintξ ∈ Σ of the form

φ(ū) → ∃v̄ ψ(ū, v̄)

such thatAΣ
s 6|= ξ, we say thatξ applies to AΣ

s . In this case,
there must be somēa such thatAΣ

s |= φ(ā), but no b̄ such that
AΣ

s |= ψ(ā, b̄). For every such̄a, we say thatξ appliesto AΣ on
ā. There may be several constraints inΣ that apply toAΣ

s and for
each of them, several tuples they apply on. Of these a constraint
ξ and a tuplēa are chosen by some total order on the pairs(ξ, ā).
ThenAΣ

s+1 is obtained fromAΣ
s as follows. If ξ is a TGD, then

we add todom(AΣ
s ) new variables̄b and to the relations inAΣ

s the
tuples that make up the conclusionψ(ā, b̄) to getAΣ

s+1 |= ψ(ā, b̄).
If ξ is an EGDs, we may assume thatψ consists of a single equality
ui = uj . If ai andaj are two distinct constants, the chasefails.
Otherwise,AΣ

s+1 := h(AΣ
s ) whereh satisfiesh(ai) = h(aj) = ai

and is the identity on all other values. Either way,AΣ
s+1 |= ξ(ā)

andAΣ
s → AΣ

s+1.

Chase: Parents, ancestors and siblings.Assume, the variables
b̄ are new variables introduced in a chase step that corresponds to
a firing of a rule whose precondition isφ(ā) and which makes
ψ(ā, b̄) true, as above. Ifb ∈ b̄, we call every value in̄a a par-
entof b and any other variable in̄b a siblingof b. If Σ has widthw
and heighte, then everyx ∈ dom(AΣ) has at moste − 1 siblings
and at mostw parents. We take theancestorrelation to be the tran-
sitive closure of the parent relation. We define thedepthdepth(x)
of a valuex to be one more than the depth of its deepest parent
and the depth of the values indom(A) to be zero. Notice that con-
stants have no ancestors, no siblings, and depth zero. Also notice
that a variable may have few ancestors yet may not be introduced
by any short chase sequence, for example, because it may not be
introduced until many full TGDs fire.

Chase: Order, termination, and universality. If for someAΣ
s

no constraint applies, we say that the chaseterminatesand we set
AΣ := AΣ

s . If there is no such step,AΣ is undefined.AΣ is
also undefined when the chase fails. In general,AΣ depends on
the order of the chase, but to keep the notation simple we willnot
explicitly indicate this order. IfAΣ is defined, thenAΣ |= Σ,
A → AΣ, andAΣ is universal for{B : A → B,B |= Σ} [15, 2,
6, 3, 1]. We writeAΣ,Σ′

for (AΣ)Σ
′

.
Since the chase does not always terminate, it is natural to ask

for sufficient conditions for its termination. The following wide,
sufficient condition onΣ for the termination of the chase on any
instance, weak acyclicity was introduced in [5] and [8].

DEFINITION 1. [8, 5] A positionis a pair(R, i)
(which we writeRi) whereR is a relation symbol of arityr and
i satisfies1 ≤ i ≤ r. We say thatx occurs inRi in φ if there is
an atom of the formR(. . . , x, . . .) in φ wherex appears in theith
position. Thedependency graphof a setΣ of TGDs is a directed
graph where the vertices are the positions of the relation symbols
in Σ and, for every TGDξ of the form

φ(ū) → ∃v̄ ψ(ū, v̄)

there is

1. an edge betweenRi andSj whenever someu ∈ ū occurs in
Ri in φ and inSj in ψ and

2. an edge betweenRi andSj whenever someu ∈ ū appears
in Ri in φ and somev ∈ v̄ occurs inSj in ψ. Furthermore,
these latter edges are labeled with∃ and we call themexis-
tential edges.

Σ is weakly acyclicif its dependency graph has no cycles with an
existential edge. We say that a setΣ of TGDs and EGDs is weakly
acyclic if the set of TGDs inΣ is weakly acyclic.

DEFINITION 2. If Σ is a weakly-acyclic set of TGDs, then the
depthdepth(Ri) of a positionRi of a relation symbolR in Σ is the
maximal number of existential edges in a path in the dependency
graph forΣ ending at that position. Thedepthof Σ is the maximal
depth of a position of a relation symbol inΣ. Notice that chasing a
ground instanceA with weakly-acyclic TGDsΣ of depthd, results
in an instanceAΣ where the depth of every value is at mostd.

THEOREM 1 ([8, 5]). For every weakly-acyclic setΣ of TGDs
and EGDs, there areb andc such that, for anyA, regardless of the
order of the chase and except for the case where the chase fails due
to EGDs,

1. AΣ is defined, and
2. AΣ can be computed inO(|A|b) steps and in timeO(|A|c).



Data ExchangeWe consider the setting where we have two
schemasσ andτ which do not share any relation symbols. Given
an instanceS over σ and instanceT over τ , the instance(S, T )
overσ ∪ τ is the instance which has all the relations inS and all
those inT . Given a set of constraintsΣ overσ ∪ τ , we say thatT
is asolutionfor S underΣ if (S, T ) |= Σ. WhenΣ is clear from
context, we simply say thatT is a solution forS. We say thatU is a
universal solutionfor S if it is a solution forS and if it is universal
for the set of all solutions forS. As in [8], we assume that source
instances of a data exchange problem are ground.

A constraintξ over (σ, τ ) is source-to-targetif the premise of
ξ is overσ and the conclusion ofξ is overτ . Notice that any set
of source-to-target TGDs is weakly acyclic. We will consider the
special case of settings whereΣ = Σst ∪ Σt with Σst a set of
source-to-target TGDs andΣt a set of TGDs and EGDs. With these
restrictions,(σ, τ,Σst,Σt) is known in the literature [8] as adata
exchange setting.

THEOREM 2 ([8]). If Σ := Σst ∪ Σt where

• Σst is a set of source-to-target embedded dependencies and
• Σt is a weakly-acyclic set of TGDs,

and(S, ∅)Σ is defined and is equal to(S,U) for someU , thenU is
a universal solution forS underΣ.

The following result was given in somewhat different form in
[9].

THEOREM 3 ([9]).

1. If Σ is a set of source-to-target constraints of heighte, S is
ground, and(S, T ) = (S, ∅)Σ, thenblocksize(T ) ≤ e.

2. If blocksize(A) ≤ c, then we can check whetherA → B

holds in timeO(|B|c).

5. RETRACTIONS AND CORES
A homomorphismr : A → B ⊆ A is a retraction if r is the

identity ondom(B). That is,r is an idempotent endomorphism.
In this case we say thatB is aretract of A and we writeA →֒ B.
Clearly, if A →֒ B, thenA ↔ B; that is,A andB are homo-
morphically equivalent. A retraction isproper if it is not surjective
(which in the case of finite instances is the same not injective). An
instance is acore if it has no proper retractions. A coreC of an
instanceA is a retract ofA which is a core. That is,C is a minimal
retract ofA. Cores of an instanceA are unique up to isomorphism
and therefore we can talk aboutthe coreofA. It follows thatA and
B are homomorphically equivalent iff their cores are isomorphic.

THEOREM 4. If Σ is a set of embedded dependencies, thenΣ
is closed under retractions. That is: ifA |= Σ andA →֒ B, then
B |= Σ.

PROOF. Assumeξ is an embedded dependency of the form

φ(ū) → ∃v̄ ψ(ū, v̄)

with v̄ possibly empty,A |= ξ, andh : A →֒ B. Then ifB |= φ(b̄)
for b̄ ∈ dom(B), then alsoA |= φ(b̄). Therefore, sinceA |=
ξ, there arēa ∈ dom(A) such thatA |= ψ(b̄, ā). This implies
B |= ψ(h(b̄), h(ā)) and, sinceh is a retraction and̄b ∈ dom(B),
h(b̄) = b̄, soB |= ψ(b̄, c̄) for c̄ = h(ā). That is,B |= ξ.

On the other hand even full dependencies are not closed un-
der endomorphisms, as the following example, adapted from [10],
shows.

EXAMPLE 1. AssumeA is an instance with a single binary re-
lationR containing the tuples{(x, z), (x, a), (z, y), (a, z), (a, a)}
wherex, y, z are variables anda is a constant,Σ consists of the
single constraint

R(u,w), R(w,w), R(w, v) → R(u, v),

andh(x) = x, h(y) = z, h(z) = a, h(a) = a. ThenA |= Σ and
h is an endomorphism ofA, but h(A), which consists ofR with
tuples{(x, a), (a, z), (a, a)} does not satisfyΣ sinceR does not
contain(x, z).

In general, one can obtain the core of an instanceA by succes-
sively applying non-surjective endomorphisms. However, if an in-
stanceA satisfies some constraintsΣ, then even though its coreC
satisfiesΣ by Theorem 4, the imageh(A) of A under an endomor-
phismh may not satisfyΣ as Example 1 shows. In Theorem 9 we
will compute the core of an instanceU which satisfies some con-
straintsΣ by computing a chainU = U0 ⊃ U1 ⊃ U2 ⊃ . . . ⊃ Un,
but we will need eachUi to satisfyΣ. Therefore, we will ensure
that for eachi, Ui →֒ Ui+1 and in order to do this, we use the
following result, which was essentially proved in [10].

THEOREM 5 ([10]). Given an endomorphismh : A → A

such thath(x) = h(y) for somex, y ∈ dom(A), there is a proper
retractionr onA such thatr(x) = r(y). Moreover, such retraction
can be found in timeO(|dom(A)|2).

6. WEAKLY-ACYCLIC TGDS
In this section we prove the following result.

THEOREM 6. For everyΣ := Σst ∪ Σt where

• Σst is a set of source-to-target embedded dependencies and
• Σt is a weakly-acyclic set of TGDs

and every ground instanceS, a core of a universal solutionU for S
underΣ can be computed in timeO(|dom(S)|b) for someb which
depends only onΣ.

In order to prove Theorem 6, we need several intermediate re-
sults. In the proof we chase(S, ∅) with Σst to obtain (S, T ),
then chaseT with Σt to obtainU . Then (idea 1) we compute
the core ofU by successively applying proper retractions (Theo-
rem 9) instead of non-surjective endomorphisms. In order tofind
such proper retractions efficiently, we (idea 3) identify a set of frag-
mentsTxy of U : one such fragmentTxy only slightly larger (idea
2) thanT satisfyingT ⊆ Txy ⊆ U for every pair of distinct values
x, y ∈ dom(U) (Lemma 1). Finding a homomorphism fromTxy

to any instanceB is easy, since it is easy forT . Furthermore (idea
4), such a homomorphismTxy → B can be extended to a homo-
morphismU → B whenB |= Σ (Theorem 7). This is enough
to show that we can check efficiently whether anyU ′ ⊆ U satis-
fying U ′ |= Σ has a proper retraction (Theorem 8) sinceU ′ has a
proper retraction iff there are distinct valuesx, y ∈ dom(U ′) such
that there is a homomorphismTxy → U ′. Notice that we need
U ′ |= Σ and therefore we compute the core by successively ap-
plying proper retractions (cf. Theorem 4) instead of non-surjective
endomorphisms (cf. Example 1). At the end of this section, we
present an algorithm that performs all these steps.

The following lemma corresponds to idea 2 in Section 3.

LEMMA 1. For every weakly-acyclic setΣ of TGDs of depthd,
widthw, and heighte, instanceT , andx, y ∈ dom(TΣ), there is
Txy satisfying

1. x, y ∈ dom(Txy),



2. |dom(Txy)| ≤ |dom(T )| + 2edwd,
3. T ⊆ Txy ⊆ TΣ,
4. dom(Txy) is closed under parents and siblings, and
5. Txy can be computed in timeO(|dom(T )|c) for somecwhich

depends only onΣ.

PROOF. AssumeΣ, x, y, andT satisfy the hypotheses. Then
every value inTΣ has depth at mostd. If x has nonzero depth, then
it was introduced into relations inTΣ by some step of the chase,
which must have fired on some set of tuples ofTΣ.

For anyx, setAx to bex and all its ancestors andEx to beAx

and all siblings of elements inAx. That is,Ex is the smallest set
containingx which is closed under parents and siblings. An easy
induction on depth shows that|Ax| ≤ dwd and |Ex| ≤ edwd.
We can computeAx andEx in timeO(|dom(T )|d) whered de-
pends only onΣ. Similarly, computeAy andEy. SetTxy :=
T ∪ (TΣ|(Ex ∪ Ey)). Clearly, Txy can be computed in time
O(|dom(T )|c) for somec that depends only onΣ and it satisfies
requirements 1 through 4.

The following theorem corresponds to idea 4 in Section 3.

THEOREM 7. If Σ is a set of weakly-acyclic TGDs, andB, T ,
andW are instances satisfying

1. B |= Σ,
2. T ⊆W ⊆ TΣ, and
3. dom(W ) is closed under ancestors and siblings,

then any homomorphismh : W → B can be extended in time
O(|dom(T )|b) to a homomorphismh′ : TΣ → B whereb depends
only onΣ.

PROOF. Assume 1, 2, and 3 hold and there is a homomorphism
h : W → B. Thenh can be extended to the desiredh′ in time
O(|dom(T )|b) whereb depends only onΣ as follows. Assume
that the chase ofT with Σ terminates int steps. That is,TΣ = TΣ

t .
We will compute a sequence of homomorphismsh0 := h ⊆ h1 ⊆
. . . ⊆ ht such thaths : Ts → B whereTs := TΣ

s ∪W . Since
TΣ

0 = T ⊆ W , the homomorphismh0 = h is a homomorphism
T0 = W → B. SinceW ⊆ TΣ we haveTΣ = TΣ

t = Tt and
thereforeh′ := ht is the desired extension.

To obtain the homomorphismhs+1 from the homomorphismhs

we proceed as follows. Assume thatTΣ
s+1 is obtained fromTΣ

s by
firing a constraintξ of the form

φ(ū) → ∃v̄ ψ(ū, v̄)

on ā ∈ dom(TΣ
s ) where in the case of full TGDs̄v is empty. That

is TΣ
s |= φ(ā) andTΣ

s+1 |= ψ(ā, b̄) for someb̄ ∈ dom(TΣ
s+1) −

dom(TΣ
s ). Sincehs is a homomorphismTs → B andφ is mono-

tonic, B |= φ(hs(ā)). The only tuples introduced into relations
in TΣ

s+1 are those inψ(ā, b̄). Therefore it is sufficient to define
hs+1 ⊇ hs so thatB |= ψ(hs+1(ā), hs+1(b̄)).

If ξ is a full TGD, we seths+1 := hs. SinceB |= Σ, we have
B |= ψ(hs(ā)). Otherwise, sinceTs is closed under siblings, there
are only two cases to consider:

1. b̄ ∈ dom(Ts) and
2. b̄ 6∈ dom(Ts).

In case (1) we seths+1 := hs. Sincēb ∈ dom(Ts)−dom(TΣ
s )

andTs = TΣ
s ∪W , we must havēb ∈ dom(W ). SinceW is closed

under parents,̄a ∈ dom(W ) and thereforeW |= ψ(ā, b̄). Since
h0 : T0 = W → B is a homomorphism,B |= ψ(h0(ā), h0(b̄))
and therefore, sincehs+1 ⊇ h0,B |= ψ(hs+1(ā), hs+1(b̄)).

In case (2) we seths+1(x) := hs(x) for anyx ∈ dom(Ts) and
hs+1(b̄) := c̄ for somēc such thatB |= ψ(hs(ā), c̄). Suchc̄ exists
becauseB |= Σ. ThenB |= ψ(hs+1(ā), hs+1(b̄)).

SinceΣ is weakly-acyclic, by Theorem 1t isO(|dom(T )|p) for
somepwhich depends only onΣ and this implies that the extension
h′ = ht can be obtained in timeO(|dom(T )|b) whereb depends
only onΣ.

THEOREM 8. For any weakly-acyclic setΣ of TGDs and in-
stanceT , we can check whether any retractU ′ of U = TΣ has a
proper retraction (i.e., whetherU ′ is not a core) and find it in time
O(|dom(TΣ)|b) whereb depends only onΣ andblocksize(T ).

PROOF. For everyx, y ∈ dom(U ′), computeTxy with the prop-
erties given in Lemma 1 and test whether there is a homomorphism
h : Txy → U ′ such thath(x) = h(y). ThenU ′ has a proper
retraction iff there are suchx, y, h by Claims 1 and 2 below.

SuchTxy exist and can be computed in timeO(|dom(T )|c) for
somec which depends only onΣ by Lemma 1. Therefore, since
there are at most|dom(U ′)|2 pairs(x, y), the result follows from
Claims 3 and 4 below.

Claim 1: r is a proper retraction onU ′ iff there arex, y ∈
dom(U ′) such thatr(x) = r(y). This is obvious.

The following claim corresponds to idea 3.
Claim 2: If x, y ∈ dom(U ′), then there is a homomorphism

h : Txy → U ′ such thath(x) = h(y) iff there is a retractionr on
U ′ such thatr(x) = r(y).

Proof. SinceU ′ is a retract ofU andU |= Σ, we haveU ′ |= Σ
by Theorem 4. Therefore, if there is a homomorphismh : Txy →
U ′ such thath(x) = h(y), thenh can be extended to a homomor-
phismh′ : U → U ′ by Theorem 7 (remember we haveU = TΣ

and we can setW := Txy andB := U ′ to satisfy the hypotheses
of the theorem). Thenh′′ := h′|U ′ is an endomorphism ofU ′ with
h′′(x) = h′′(y). By Theorem 5, there is a retractionr of U ′ such
thatr(x) = r(y).

Conversely, if there is a retractionr onU ′ such thatr(x) = r(y),
then sinceU ′ is a retract ofU , we know that there is a retraction
r′ : U →֒ U ′. If there is also a retractionr onU ′ such thatr(x) =
r(y), thenr′′ = r ◦ r′ satisfiesr′′(x) = r′′(y). Thereforeh :=
r′′|Txy is a homomorphismTxy → U ′ satisfyingh(x) = h(y).

Claim 3: Givenx, y ∈ dom(U ′) and a homomorphismh :
Txy → U ′ such thath(x) = h(y), a retractionr onU ′ such that
r(x) = r(y) can be found in timeO(|dom(U)|c) for somecwhich
depends only onΣ.

Proof. This follows directly from the proof of Claim 2, since
Lemma 1, Theorem 7, and Theorem 5 guarantee thath′, h′′, andr
can all be found in timeO(|dom(U)|c

′

) for somec′ which depends
only onΣ.

Claim 4: Checking whether, for anyx, y ∈ dom(U ′), there is a
homomorphismh : Txy → U ′ such thath(x) = h(y) (and if so,

finding it) can be done in timeO(|dom(U)|c
′′

) for somec′′ which
depends only onΣ andblocksize(T ).

Proof. Sets := blocksize(T ). Since|dom(Txy)| ≤ |dom(T )|+
2edwd by Lemma 1, the set

{Txy : x, y ∈ dom(U ′), T ∈ K}

has block size bounds + 2edwd and therefore Theorem 3 implies
the claim except for the additional requirement thath(x) = h(y).
Handling this additional requirement is straightforward.

THEOREM 9. For everys and weakly-acyclic setΣ of TGDs,
there isb such that for anyT with blocksize(T ) ≤ s, the core of
TΣ can be computed in timeO(|dom(T )|b).



PROOF. SetU := TΣ. By Theorem 1,U can be computed
in timeO(|dom(T )|)d for somed that depends only ons andΣ.
To compute the coreC of U efficiently we setU0 := U and we
compute a sequenceU0, U1, . . . , Un such that

1. U0 ⊃ U1 ⊃ . . . ⊃ Un,
2. U0 →֒ U1 →֒ . . . →֒ Un,
3. U0, U1, . . . , Un |= Σ, and
4. Un is a core.

ThenUn is the core ofU . GivenUm satisfying 1 and 2 above,
we computeUm+1 as follows. We check whetherUm has a proper
retractionr and find it. By Theorem 8, this can be done in time
O(|dom(U)|c) for somec which depends only ons andΣ. If so,
we setUm+1 := r(Um). ThenUm+1 satisfies 1 and 2 above. Since
Σ is closed under retractions by Theorem 4,Um+1 also satisfies 3
above. IfUm has no proper retraction, setn := m. By 1, we must
haven ≤ |dom(U)| and therefore we can computeUn, the core of
U , in timeO(|dom(U)|c+1) from which the result follows.

PROOF. (Theorem 6) AssumeΣ andS satisfy the hypotheses.
First compute(S, ∅)Σst , which is equal to(S, T ) for someT . Next
computeU := TΣt . By Theorem 1,(S, ∅)Σst andTΣt are well
defined and can be computed in timeO(|dom(S)|c) wherec de-
pends only onΣ. We have

(S, ∅)Σ = (S, ∅)Σst,Σt = (S, T )Σt = (S, TΣt) = (S,U)

and therefore, by Theorem 2,U is a universal solution forS un-
der Σ. By Theorem 3 for any fixedΣ, the set of allT obtained
as above has bounded block size. Therefore, by Theorem 9 there
existsb such that for anyS the core ofU can be computed in time
O(|dom(T )|b). The result follows from Theorem 1.

The procedure FINDCORE computes the core of a universal so-
lution for a ground instanceS under a setΣ as above in time
O(|dom(S)|b) for someb which depends only onΣ. The correct-
ness and efficiency of FINDCORE follow from Theorem 6 above.

ProcedureFINDCORE

Input: Source ground instanceS of a data exchange problem
Output: Core of a universal solution forS

1. Chase(S, ∅) with Σst to obtain(S, T ) = (S, ∅)Σst .
2. ChaseT with Σt to obtainU := TΣt .
3. For everyx, y wherex ∈ var(U), y ∈ dom(U), andx 6= y

4. ComputeTxy as in Lemma 1.
5. Look for a homomorphismh : Txy → U

such thath(x) = h(y).
6. If there is suchh, then
7. Extendh to an endomorphismh′ onU .
8. Fromh′, compute a proper retractionr onU .
9. SetU := r(U).

10. Repeat from step 3.
11. ReturnU .

7. ADDING EGDS
In this section we prove the following result.

THEOREM 10. For everyΣ := Σst ∪ Σt where

• Σst is a set of source-to-target embedded dependencies and
• Σt is a weakly-acyclic set of TGDs and EGDs.

and every ground source instanceS, a core of a universal solution
U for S underΣ can be computed in timeO(|dom(S)|b) whereb
depends only onΣ.

In order to prove Theorem 10, we introduce a setΣ̄ of TGDs
which ‘simulates’ a setΣ of TGDs and EGDs (idea 5), in particular
in the sense that the core of a solution forS underΣ is the same as
the core of a solution forS underΣ̄ (Lemma 2). IfΣ is a weakly-
acyclic set of TGDs and EGDs,̄Σ is not necessarily weakly-acyclic
and Example 2 shows that the chase withΣ̄ does not terminate
on all orders. Nevertheless, we show that for a certain classof
chase orders which we callnice (idea 6) the chase is guaranteed
to terminate wheneverΣ is weakly-acyclic (Theorem 11). This is
enough to complete the proof of Theorem 10.

The procedure to compute the core of a universal solution for
S under a setΣ as in Theorem 6 is the same as FINDCORE (see
Section 6) except that it includes an initial step to computeΣ̄. After
that, it proceeds with̄Σ instead ofΣ.

Given a set of TGDs and EGDsΣ over some signatureτ , we de-
fine Σ̄ over the signatureτ ∪{E} whereE is a new binary relation
symbol by the following replacements onΣ.

1. Replace all equations withE-atoms. That is, replacex = y

with E(x, y).

2. Add theequalityconstraints:

(a) E(x, y) → E(y, x)

(b) E(x, y),E(y, z) → E(x, z)

(c) R(x1, . . . xk) → E(xi, xi)
for everyR ∈ τ and i ∈ {1, . . . , k} wherek is the
arity ofR

3. Add theconsistencyconstraints

(d) R(x1, . . . xk), E(xi, y) → R(x1, . . . , y, . . . xk) for ev-
eryR ∈ τ andi ∈ {1, . . . , k} wherek is the arity ofR
and wherey appears in the same position inR asxi.

In step 1, EGDs are replaced by full TGDs which simulate them.
For example, “R(x, y), R(x, z) → y = z” becomes
“R(x, y), R(x, z) → E(y, z).”

The auxiliary relationE is not essential;̄Σ can be replaced with
the constraints obtained from̄Σ by removing the equality constraint
(2b) and then using resolution throughE on the remaining con-
straints. However, the presentation is easier with an explicit rela-
tionE.

Σ and Σ̄ are over different signatures, but to simplify the pre-
sentation we will pretend that a modelA of Σ also contains the
relationE given by the identity relation on its domain. As a result
of this convention,A |= Σ impliesA |= Σ̄. Conversely, ifEA is
the identity ondom(A) andA |= Σ̄, thenA |= Σ.

LEMMA 2. Under the hypotheses of Theorem 10,Σ̄ consists
only of source-to-target embedded dependencies and a set (not nec-
essarily weakly-acyclic) of target TGDs such thatC is the core of
a universal solution forΣ iff C is the core of a universal solution
for Σ̄.

PROOF. If U is a universal solution forS underΣ, thenU is
also a solution forS underΣ̄. Furthermore,U is universal for the
solutions forS underΣ̄ as follows. Assume thatT is a solution
for S underΣ̄. Pick an element̂x from every equivalence class[x]
underE and definee so thate(y) = x̂ whenevery ∈ [x]. It is easy
to check thate is a retraction. ThenT ′ = e(T ) is a solution for
S underΣ̄ andET ′

is the identity ondom(T ′) and thereforeT ′ is
also a solution forS underΣ. Therefore, there is a homomorphism
h : U → T ′ ⊆ T , soh is also a homomorphismU → T . This
shows thatU is also a universal solution forS underΣ̄.



Conversely, assumeU is a universal solution forS underΣ̄. De-
fine e as above forU instead ofT . ThenU ′ = e(U) is a solution
for S underΣ. Furthermore,U ′ is universal for the solutions for
S underΣ as follows. Assume thatT is a solution forS under
Σ. ThenT is also a solution forS underΣ̄ and therefore there is
a homomorphismh : U → T . It follows thath′ := h|U ′ is a
homomorphismU ′ → T .

Then ifC is the core ofU , it must also be the core ofU ′ since
U ′ is a retract ofU and therefore homomorphically equivalent to
U .

If Σ is a weakly-acyclic set of TGDs and EGDs,Σ̄ is not nec-
essarily weakly-acyclic. It is natural to wonder whetherAΣ̄ is de-
fined for anyA; that is, whether the chase with̄Σ terminatesfor all
ordersas it does forΣ (see Theorem 1). The following example
shows that this is not so.

EXAMPLE 2. Assume thatΣ consists of the constraints:

R(x, y) → ∃z T (x, y, z)
S(x, z) → ∃y T (x, y, z)

T (x, y, z), T (x, u, v) → u = y

T (x, y, z), T (x, u, v) → v = z

ThenΣ̄ consists of the constraints:

ξ1 R(x, y) → ∃z T (x, y, z)
ξ2 S(x, z) → ∃y T (x, y, z)
ξ3 T (x, y, z), T (x, u, v) → E(u, y)
ξ4 T (x, y, z), T (x, u, v) → E(v, z)
ξ5 E(x, y) → E(y, x)
ξ6 E(x, y),E(y, z) → E(x, z)

together with 7 equality constraintsα1, . . . , α7 of the kind (c) and 7
consistency constraintsβ1, . . . , β7 corresponding to positionsR1,
R2, S1, S2, T 1, T 2, andT 3.

It is easy to verify thatΣ is a weakly-acyclic set of TGDs and
EGDs. Yet,Σ̄ is not weakly acyclic. For example, there is a cycle of
length 4 through the positionsR1, T 3, andE2 where the edges are
given by constraintsξ1, ξ4, andβ1 and the first edge is existential.

If the instanceA contains only the tuplesR(1, 2) andS(1, 3),
then the chase ofA with Σ̄ does not terminate for the chase order
that appliesξ1, ξ2, ξ3, ξ4, β2, andβ4 repeatedly in the pattern
shown in Figure 4. Each line in the table indicates a constraint
that fired on some tuple and the new tuple that was introduced as
a result. We consider variables in alphabetic order. For example
the third line below indicates thatξ3 fired under the assignment
(u, v, x, y, z) := (2, a, 1, b, 3) introducing the tuple(2, b) into the
relationE. This chase continues forever.

Fix some weakly-acyclic setΣ of TGDs and EGDs. Consider
the dependency graph associated with the TGDs inΣ. If R is a
relation, we say that a tuplēa is good for R if the depth of every
value in it is smaller than or equal to the depth of the corresponding
position inR. That is,depth(ai) ≤ depth(Ri). If φ(x̄) is a
conjunction of atoms with variables̄x, we say that a tuplēa of the
same arity as̄x is good forφ if the depth of every valueai in it is
smaller than or equal to the the depth of every position inφ where
xi appears. WhenR orφ are clear from context, we simply say that
ā is good. When we consider̄Σ, we still use the dependency graph
associated with the TGDs inΣ and ignore theE relation. Notice
that if a TGD fires on a tuple that is good for its premise, then all
tuples introduced by its conclusion are good.

DEFINITION 3. We say that a chase order isnice if whenever
several constraints apply, a constraint of the kind which appears
earliest in the following list is fired:

New tuple constraint fired on
T (1, 2, a) ξ1 (1, 2)
T (1, b, 3) ξ2 (1, 3)
E(2, b) ξ3 (2, a, 1, b, 3)
E(3, a) ξ4 (b, 3, 1, 2, a)
R(1, b) β2 (1, 2, b)
S(1, a) β4 (1, 3, a)
T (1, b, c) ξ1 (1, b)
T (1, d, a) ξ2 (1, a)
E(2, d) ξ3 (2, c, 1, d, 3)
E(3, c) ξ4 (d, 3, 1, 2, c)
R(1, d) β2 (1, 2, d)
S(1, c) β4 (1, 3, c)
. . .

Figure 4: Non-terminating chase

1. an equality constraint,
2. a consistency constraint,
3. a constraint firing on a tuple which is good for its premise,
4. a constraint firing on a tuple which is bad for its premise.

EXAMPLE 3. If we chaseA from Example 2 with the con-
straintsΣ from that example in a nice order, we get the terminating
chase shown in Figure 5. After the steps shown, all constraints in
Σ̄ are satisfied.

New tuple constraint fired on
E(1, 1) α1 (1, 2)
E(2, 2) α2 (1, 2)
E(3, 3) α4 (1, 3)
T (1, 2, a) ξ1 (1, 2)
E(a, a) α7 (1, 2, a)
T (1, b, 3) ξ2 (1, 3)
E(b, b) α6 (1, b, 3)
E(2, b) ξ3 (2, a, 1, b, 3)
E(b, 2) ξ5 (2, b)
E(3, a) ξ4 (b, 3, 1, 2, a)
E(a, 3) ξ5 (3, a)
R(1, b) β2 (1, 2, b)
S(1, a) β4 (1, 3, a)
T (1, 2, 3) β7 (1, 2, a, 3)
T (1, b, a) β7 (1, b, 3, a)

Figure 5: Terminating Chase

It turns out that the only constraints which apply to a bad tuple
are consistency constraints (Lemma 4), so we never fire constraints
of the kind 4 in the definition of nice order. This implies thatbad tu-
ples are only introduced by consistency constraints and Theorem 11
below, similar to Theorem 1, follows.

If A is a model ofΣ̄, we writex ≡ y if E(x, y) holds inA.
We extend the equivalence relationE on elements of the universe
to tuples as follows: if̄a and b̄ are twor-tuples, then̄a ≡ b̄ iff
ai ≡ bi for 1 ≤ i ≤ r.

LEMMA 3. If φ is a conjunction of relational atoms,A satisfies
all equality and consistency constraints,A |= ā ≡ b̄ andA |=
φ(ā), then alsoA |= φ(b̄).

PROOF. Assume the hypotheses and furthermore that the vari-
ables ofφ arex̄. Then for every atom of the formR(xi1 , . . . , xik

)



in φ we haveA |= R(ai1 , . . . , aik
). To show thatA |= φ(b̄) it is

enough to show that alsoA |= R(bi1 , . . . , bik
). SinceA satisfies

the equality and consistency constraints,ai1 ≡ bi1 , . . . , aik
≡ bik

,
andA |= R(ai1 , . . . , aik

), we also haveA |= R(bi1 , ai2 , . . . , aik
),

A |= R(bi1 , bi2 , ai3 , . . . , aik
), ... A |= R(bi1 , . . . , bik

) by the
consistency constraints, as desired.

We write[a] for the equivalence class{b : b ≡ a} of a. We write
πiR for theith projection{ci : R(c̄)} of relationR.

LEMMA 4. If Σ is a weakly-acyclic set of TGDs and EGDs,
then at every stepAΣ̄

s of the chase ofA with Σ̄ using a nice order
such thatAΣ̄

s satisfies the equality and consistency constraints, the
following holds:

1. For every relationR, if a ∈ πiR, then[a] ⊆ πiR.
2. For every relationR, if a ∈ πiR, then there existsb ≡ a

such thatdepth(b) ≤ depth(Ri).
3. If φ(ā) holds whereφ is a conjunction of relational atoms,

thenφ(b̄) holds for a tuplēb good forφ such that̄a ≡ b̄.
4. If ξ fires onā, thenā is good for the premise ofξ.

PROOF. (1) follows directly from the fact that the consistency
constraints are satisfied.

We show 2, 3, and 4 by induction ons. Clearly they hold for
s = 0 since then all values are constants and have depth 0. Now
assume that 2, 3, and 4 hold forAΣ̄

r for all r < s.
(2) If all values inAΣ̄

s are constants, then 2 holds trivially. Oth-
erwise there must be a largest valuer < s such that a constraintξ
which is not an equality or consistency constraint fired inAΣ̄

r . As-
sumeξ fired on tuplēa. Since 4 holds andAΣ̄

r satisfies all equality
and consistency constraints because the chase order is nice, ā is
good. Therefore, every new tuple introduced by the conclusion of
ξ into a relationR is good for that relationR. This implies that 2
holds forAΣ̄

r+1 The equality and consistency constraints which fire
afterξ only add values equivalent to those already inR, so 2 also
holds forAΣ̄

t for every everyt such thatr < t ≤ s.
(3) For everyi, pick bi to be a value of minimal depth in[ai].

Since 2 holds,̄b is good forφ. Assume the variables (all free)
of φ are x̄. Then for every atom of the formR(xi1 , . . . , xik

) in
φ we haveAΣ̄

s |= R(ai1 , . . . , aik
). Since 1 holds, we also have

AΣ̄
s |= R(bi1 , . . . , bik

). It follows thatAΣ̄
s |= φ(b̄).

(4) Assumeξ is of the formφ(x̄) → ∃ȳψ(x̄, ȳ). We must have
AΣ̄

s |= φ(ā). If ā is not good, we get a contradiction as follows. By
3 we must haveAΣ̄

s |= φ(b̄) for a tuplēb good forφ such that̄a ≡ b̄.
Since we are chasing with a nice order, we must haveAΣ̄

s |= ξ(b̄)

and this implies that there must bec̄ such thatAΣ̄
s |= ψ(b̄, c̄). By

Lemma 3, we haveAΣ̄
s |= ψ(ā, c̄). That is,AΣ̄

s |= ξ(ā) so ξ can
not fire onā.

LEMMA 5. If Σ is a weakly-acyclic set of TGDs and EGDs of
depthd, then for anys all values inAΣ̄

s obtained by using a nice
chase order have depth≤ d.

PROOF. This follows from Lemma 4 part 4, since constraints
which fire on tuples which are good for their premise introduce
tuples which are good for the relations they are introduced into.

THEOREM 11. For every weakly-acyclic setΣ of TGDs and
EGDs, any instanceA, and any nice chase order,

1. AΣ̄ is defined, and
2. AΣ̄ can be computed inO(|dom(A)|b) steps and in time
O(|dom(A)|c) whereb andc depend only onΣ.

PROOF. Immediate from Lemma 5.

THEOREM 12. For every weakly-acyclic setΣ of TGDs and
EGDs, any instanceT , and any retractU ′ of U = TΣ, we can
check whetherU ′ has a proper retraction (i.e., whetherU ′ is not a
core) and find it in timeO(|dom(TΣ)|b) whereb depends only on
Σ and the block size ofT .

PROOF. Similar to that of Theorem 8, except using Theorem 11
instead of Theorem 1.

THEOREM 13. For every weakly-acyclic setΣ of TGDs and
EGDs and any instanceT , the core ofTΣ for a nice chase or-
der can be computed in timeO(|dom(T )|b) whereb depends only
onΣ and the block size ofT .

PROOF. To compute such a core, we replaceΣ with Σ̄ and pro-
ceed as in the proof of Theorem 9, except we use Theorem 12 in-
stead of Theorem 8. By Lemma 2, the core so computed usingΣ̄ is
the desired core.

PROOF. (Theorem 10) Similar to that of Theorem 6, using The-
orem 13 instead of Theorem 9.
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